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Abstract 

The compactification of moduli spaces of J-holomorphic curves in al- 
most complex manifolds with cylindrical ends is crucial in Symplectic 
Field Theory. One natural generalization is to replace "cylindrical" by 
"asymptotically cylindrical". In this article we generalize the compactness 
results from [141 1151 14 5J to this setting. As an application, we study the 
relation between the moduli spaces of J-holomorphic polygons before and 
after the Lagrangian surgery established in in a more general setting 
and from a different viewpoint. 
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1 Introduction 

Introduced by Gromov in 1985, J-holomorphic curves have been studied inten- 
sively in closed symplectic manifolds. In 1993 Hofer studied the behaviors of 
J— holomorphic curves in symplectization of contact manifolds, which is non- 
compact. Shortly after that, Eliashberg, Givental and Hofer invented the Sym- 
plectic Field Theory, which greatly helps us understand symplectic manifolds 
and contact manifolds. In most of previous literature, the only noncompact 
almost complex manifolds studied are the ones with cylindrical ends, which 
roughly means that the almost complex structure J is translationally invariant 
near the ends. In [5] the notion of asymptotically cylindrical almost complex 
structure was introduced, which is a natural generalization of cylindrical al- 
most complex structure. However, there is no corresponding result proven for 
asymptotically cylindrical almost complex structure. Intuitively, we should have 
similar results as in the cylindrical case. However, the original proofs rely heav- 
ily on the cylindrical nature of the almost complex structure, which prevents 
us from applying them directly to the asymptotically cylindrical case. In this 
paper, we give the modified definition of asymptotically cylindrical almost com- 
plex structure, and prove some parallel analytical results as in cylindrical case. 
Based on these results we can compactify the moduli space of J— holomorphic 
curves in almost complex manifolds with asymptotically cylindrical ends using 
the idea of holomorphic buildings introduced by [5] . 

One of the advantages of this generalization lies in applications. In many 
cases the original almost complex structure is asymptotically cylindrical, so if 
we insist on getting a cylindrical almost complex structure we have to perturb 
the original one in a special way, which may turn a generic almost complex 
structure into a non-generic one. However, using the results of this paper, we 
can work directly in the asymptotically cylindrical context. We also take this 
chance to fill in the gaps between different literatures. 

In the asymptotically cylindrical case, the proofs of some theorems are sig- 
nificantly different and more difficult than the proofs in the cylindrical case, 
for example, Proposition [2] Theorem [l] and Theorem [3] The difficulties mainly 
come from the following two facts: 1. the obvious translations in the cylindrical 
almost complex manifold are not J— holomorphic anymore; 2. Hofer's energy 
cannot be chosen to be both non-negative and exact. 

In Section 2, we give the definition of asymptotically cylindrical almost com- 
plex manifolds and the definition of Hofer's energy of J— holomorphic curves in 
this context. To the best of the author's knowledge, the sort of conditions of 
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(AC3) and (AC4) in Definition [I] have not appeared in the literatures in Sym- 
plectic Geometry, but similar conditions appear very often in global Riemannian 
Geometry. We also list the main analytical results of this paper, not including 
the application. 

In Section 3, we give the proofs of the main results listed in Section 2. The 
proofs follow the schemes of |14l [T51 [TBI |31 [S]. However, some proofs are quite 
different and more difficult. 

In Section 4, we give the definition of almost complex manifolds with asymp- 
totically cylindrical ends and the definition of Hofer's energy of J-holomorphic 
curves in this context. 

In Section 5, we apply the results developed in the previous sections to 
Lagrangian surgery. In particular, we give a simpler and more natural proof for 
Theorem Z in in a more general context. Theorem Z is the main theorem 
in [11] with a lot of applications. It is a fundamental theorem to get long exact 
sequences of Lagrangian Floer homology, whose relations to Mirror Symmetry 
can be found in [5J [TTJ. We could also use Theorem Z to understand wall 
crossing formula (see [H]). In this paper, we compactify the moduli space 
arises in Theorem Z, carry out the scale dependent gluing (see [20 ) of certain 
moduli spaces, and prove the surjectivity of the gluing map to complete the 
proof of Theorem Z. All these steps are done in the spirit of Symplectic Field 
Theory rather than purely following a bunch of estimates as in [TTJ . Also, in [TTJ 
Theorem Z is proved under the assumption that the almost complex structure 
is integrable in a neighborhood of the intersection point of two Lagrangian 
submanifolds. In this paper, we do not need the integrability assumption. In 
suitable polar coordinates around the intersection point, an integrable almost 
complex structure corresponds to a cylindrical almost complex structure, while 
an almost complex structure corresponds to an asymptotically cylindrical almost 
complex structure. There will be more applications to appear in the second 
paper. 

In the appendix, we include the basic notions of the moduli space of bordered 
stable nodal Riemann surfaces and the stable map topology of holomorphic 
buildings. 
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Geometry and Mirror Symmetry. Finally, I would like to thank Lino Amorim, 
Garrett Alston, Dongning Wang, Rui Wang and Ke Zhu for all the fruitful 
discussions and valuable suggestions. 
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2 Asymptotically cylindrical almost complex man- 
ifolds 



2.1 Definition 

Let V be a smooth closed manifold of dimension In + 1, J be a smooth almost 
complex structure in W = R x V, R := J {■§-) be a smooth vector field on 
W, and £ be a subbundle of the tangent bundle TW of defined by £(r,v) — 
{JT v {r} x V) n (T„{r} x V), for (r,u) € W. Then tangent bundle TW splits 
as TW = R{§p) © R(R) £. Define a 1-form A on W by: A(£) = 0, A(^) = 0, 
A (R) = 1, and a 1-form a on W by: cr(£) = 0, a{-§p) = l,a (R) = 0. 

Let f s : W — > W be the translation f s (r, v) = (r + s, v). We call a tensor on 
W translationally invariant if it is invariant under f„. 

Definition 1. Under the above notations, J is called asymptotically cylindrical 
at positive infinity, if there exists a 2-form lo on W such that for some integer 
I ^ 4 the pair (J,u) satisfies (AC1)-(AC7): 

. (AC1) i (£) w = = t(R)w. 

• (AC2) J-) is a metric on £.F] 

• (AC3) There exists a smooth translationally invariant almost complex 
structure Joo on W and constants C/,<5; Si 0, such that 

\(J-J 00 )\ [r , +0 o)xv\\ cl £C l e- e >T (1) 
for all r ^ 0, where ||y>|| c ; := sup X)fe=o |V fc <,2(i«)| and | • | is computed 

w 

using a translationally invariant metric gw on W, for example gw — 
dr 2 + gv, and V is the corresponding Levi-Civita connection. [^] 

• (AC4) There exists a translationally invariant closed 2-form Woo on W and 
constants Ci,8i 2i 0, such that 

^-^)| [r , +oo)xV | c! ^C ;e -^ (2) 

for all r ^ 0. 

• (AC5) The pair (woo,^oo) satisfies (AC1) and (AC2). 

• (AC6) i(R 00 )(iA 00 = 0, where Roo := lim /*R, Aoo := lim /*A, and both 

s— foo s— too 

limits exist by (AC3). 



Actually we only need ui\^(u, Ju) > for all ^ u £ £, but for convenience we also 
require Ju, Jv) = a)|^(u, u). 

2 Equivalently, we could embed V into M. N and take the derivatives there, and = 

su P En=ol D >K>l- 
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. (AC7) RooM = Joo (&) € T„({r} x V). 

Remark 1. The terminology we use is slightly different from the one in [5]. 
One major difference is that we require J converges to exponentially fast in 
condition (AC3). ft seems that we should call J "exponentially asymptotically 
cylindrical almost complex structure", but since this is the only case we con- 
sider in our paper, we omit the word "exponentially". Also this is the accurate 
condition to guarantee that the J-holomorphic curve converges to the periodic 



orbits of Rqo exponentially fast by the footnote of formula ( 40 ) . 

Similarly, we could define the notion of J being asymptotically cylindrical 
at negative infinity. If J is asymptotically cylindrical at both positive infinity 
and negative infinity, we say J is asymptotically cylindrical. When we say J is 
asymptotically cylindrical, we choose uj without mentioning. 

The following definition is the case considered in |141 HSl [TBI 141, 15], 

Definition 2. We say J is a cylindrical almost complex structure, if J is an 
asymptotically cylindrical almost complex structure and both J and uj are all 
translationally invariant. 

Example 1. (Symplectization) Assume (V, £) is a contact manifold with contact 
1— form A and Reeb vector field R, i.e. £ = ker A, A A (dX) n ^ 0, ircIX = 0, 
and A(R) = 1. Let u> = dX and let be an almost complex structure in £ such 
that it is compatible with u>\^, i.e. dX(-,J^-) is a metric on £. We extend the 
J t to the tangent bundle of W = E x V by setting J(^) = R. Then (W, J) 
is a cylindrical almost complex manifold and in particular an asymptotically 
cylindrical almost complex structure. 

Refer to jS] for other interesting examples of cylindrical almost complex 
manifolds. 

Example 2. Assume J is a smooth almost complex structure on M. 2n+2 with 
J(0) = Jo(0), where Jo is the standard complex structure on R 2n+2 . Assume 
uj' is a smooth symplectic form on M 2 ™ +2 with w'(0) = dxi A dyi. Assume 
that J is uj' compatible, i.e. oj'(-, J ) is a Riemannian metric on IR 2 ™ +2 = C™ +1 . 
Consider M 2n+2 \{0} and pick an polar coordinate chart, i.e. 

tp : R- x S 2n+1 -> M 2n+2 \{0}, 
(r,6) h> e r 9, 

where we view S 2n+1 as the unit sphere inside M. 2n+2 . 

We can define £ and R as in the beginning of |2.1| Denote the projec- 
tion: T (R- x S 2n+1 ) = M(^) 8 R(R) 8 £ -> ^ by tt 5 . Define a 2-form w on 
R" x 5 2n+1 by lj(u,v) = e^u' {^tt^u, (p^v), where u,v € T (r . e) R- x 5 2n+1 . 
Then = n*w , where II : R" x S 2n+1 -> 5 2n+1 is the projection, w := 

i* (E^/dij A , and i : S 2n+1 °-> M 2 ™+ 2 is the embedding. 

Now it is clear that (M - x S 12 '^ 1 , J) is an asymptotically cylindrical almost 
complex manifold near — oo. 
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By (AC3) and (AC7) we can see that Roo is a translationally invariant vector 
field on W and it is tangent to each level set {r} x V, so we can view Roo as 
a vector field on V. Let <p l be the flow of Roo on V, i.e. 0* : V — > V satisfies 
4i 0* = Roo ° 0* ■ Then we have 

j^yXoc] = (tfTiiii^dXco +di Roo X 00 ) = 0. 

Thus (jf preserves Aqo so £oo- Similarly </>' preserves lu^. 

Let's denote by V the set of periodic trajectories, counting their multiples, of 
the vector field Roo restricting to V. Notice that any smooth family of periodic 
trajectories from V has the same period by Stoke's Theorem. 

Definition 3. A T-periodic orbit 7 of Roo is called non-degenerate, if d(p T \^^^ 
does not have 1 as an eigenvalue, where is the flow of Roo- We say that J is 
non-degenerate if all the periodic solutions of Roo are non-degenerate. 

A weaker requirement for J than non-degenerate is Morse-Bott. 

Definition 4. We say that J is of the Morse-Bott type if, for every T > the 
subset Nt C V formed by the closed trajectories from V of period T is a smooth 
closed submanifold of V, such that the rank of to^l^ is locally constant and 
T p N T = ker (dcj> T - let) . 

We always assume J is of Morse-Bott type in this paper. 
2.2 Energy of J-holomorphic curves 

Let E be a punctured Riemann surface with almost complex structure j, and 
u = (a,u) : —¥ (W, J) be a J-holomorphic curve, i.e. Tuoj — J(u) o 

Tu. The following definition is a modification of Hofer's energy in cylindrical 
almost complex structure case. The w-energy and A-energy are defined as follows 
respectively 




E\{u) = sup / u*(4>(r)a A A), 
<pec J 
s 

where C = {(j) e C£°(R, [0, 1])| cf)(x)dx = l}^ and A, a are defined as in the 
beginning of subsection |2.1| Let's define the energy of u by 

E(u) =E u {u)+E x (u). 

Equip M. + x S 1 with the standard complex structure and coordinate (s,t), 
and consider a J-holomorphic map u = (a, u) : R + xS 1 ->H / = txV, Let's 

3 In [5], the set C is given by C = {(j> G C^°(R,R+)| <j>{x)dx = 1}. It is easier to get 

uniform energy bounds using the modified definition in the case when the almost complex 
structure is only asymptotically cylindrical. 
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denote the projections from TW = R(g^) © M(R) © £ to each subbundle by 
7r r ,7rR and ir^. Here we view S 1 as K/Z. Notice 

{t*w = u>(u s ,ut)ds A (ft 

= w(u s , J(u)u s )ds A dt 

= U)(lT£U s , J(u)TT£U s )ds A dt (3) 

and 

u*{4>{f)cr A A) = 0(a) [er(u s )A( J(u)u s ) — a{J (u)u s )X(u s )} ds A dt 

= cj>{a) [a{u s f + X(u s ) 2 ] dsAdt. (4) 

Thus, we have E u {u) ^ and E x {u) ^ 0. 
2.3 Main Results 

The following two theorems tell us the behaviors of J-holomorphic curves near 
infinity. 

Theorem 1. Suppose that (W = K x V, J) is an asymptotically cylindrical 
almost complex manifold. Let u — (a, it) : K + x H./Z W be a finite energy 
J-holomorphic curve. Suppose that the image of u is unbounded inlx7. Then 
there exists a periodic orbit 7 o/Rqo of period \T\ with T ^ 0, such that 

lim u(s,t) = j(Tt) 

s— >cc 

lim^M=T 

s— >oo S 

in C^iS 1 ). 

It is much more difficult to prove this theorem in the asymptotically cylin- 
drical case compared to the cylindrical case. 

The above theorem tells us that when s is large enough u(s, t) lies inside a 
small neighborhood of ■) . We will construct a coordinate chart for such neigh- 
borhood U C S 1 x R 2n — > V, and then we can view the map u as 

u(s,t) = (a(s,t),d(s,t),z(s,t)) elxRx R 2n , 

where i9 is the coordinate of the universal cover of S 1 . 

Theorem 2. Under the same assumption as in Theorem^ there exist constants 
Mp , dp , ao , $0 , so > such that 

\DP{a(s,t)-T S -a o }\^M e- d ? s , 
\Df>{d(s,t) - Tt - M\ ^ M p e- d »" , 
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for all s > s and f3 = {fix, fa) £ N x N with \f}\ = fa + fa ^ I - 2, where I is 
the integer in Definition^ 

3 Proof of main results 

The proof is done in three steps. The first step is to show that the gradient 
of a finite energy J-holomorphic curve u — (a, it) is bounded. The second step 
is to show subsequence convergence, briefly, given a sequence of numbers Rk 
converging to infinity, we want to show that there exists a subsequence Rk n , 
such that u(Rk n , t) converges to a periodic solution of the vector field Rqo. The 
third step is to get some exponential estimate and then prove the Theorem [T] 
and Theorem [2j 

3.1 Gradient bounds 

We cite the following two lemmata for later use. 

Lemma 1. Let (X,d) be a metric space. Equivalent are 

(1) [X,d) is complete. 

(2) For every continuous map <f> : X — > [0, +oo) and given x £ X, e > 
there exist x' £ X, s! > such that 

• s' ^ e, <j){x')e' ^ <t>(x)e, 

• d{x,x') ^ 2e, 

• 2(f>(x') ^ <f>(y) for all y £ X with d(y,x') ^ e' . 

Let J be an asymptotically cylindrical almost complex structure on W = M x 
V, let u = (a, u) be a J-holomorphic map from B(0, R) to W, where B(zo, R) := 
z = {s + \/— T< G C| |z — z | < ^}) denote 

||Vu|| := sup \Vu(s,t)\ (5) 

(s,t)eB(0,R) 

and 

ll S llc*(B(0,fl),W) := SU P 2 l V '"( 2; )l' 
areB(O.K) ^ 

where the norm | • | is computed with respect to the standard metric ds 2 + dt 2 
on B(zq, R) and a translationally invariant metric gw on W, for example gw — 
gv + dr 2 , and V is the the Levi-Civita connection with respect to gw on W. 
Equivalently, we could embed V into WL N and take derivatives there and compute 
the C fc -norm. The following lemma says that the gradient bound implies C°° 
bound. 
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Lemma 2. (Gromov-Schwarz) Fix < e < 1 and k £ N, if \\Vu\\ < C < +oo, 
then there exists C(k,C) > such that 

INIcr*(B(0,.R-e),W) = 
where C(k,C) does not depend on u. 

Proof. This is a standard result. Using the gradient bound of u, we can find 
uniform coordinate charts both in domain and in target, then we can apply 
Proposition 2.36 in [SJ. □ 

The following proposition is one of the key steps in |14j whose proof reveals 
the relation between uj energy and trajectory of Roo. 

Proposition 1. \1J$ Suppose J is a cylindrical almost complex structure on W 
and u = (a,u) : C — > W is a finite energy J -holomorphic plane (i.e. E(u) = 
E\(u) + E u (u) < +oo). If E u (u) = and \[Vu\\ S C for some C > 0, then u is 
constant. 

Proof. Suppose u is not constant. By ([3|, n^u s = = 7r^t2 t . Hence 7T£ o Tu is 
the zero section of u*£ — > C. Therefore we have u(s,t) = x o f(s,t), where x 
is a solution of x = R(x) and / : C — > K is a smooth function. Consequently, 
f s = —at', ft = a s . Hence $ := / + ia is a holomorphic function on C. Since 
||Vu|| is bounded, ||V$|| is bounded; thus $ is a linear function. By Q 

E x (u)= sup / 4>{a)(a 2 s + a 2 t )ds A dt 

c 

= c • sup / (f>(s)ds A dt (for some c > 0, via a linear change of variables) 
4>ec J 

C 

= +oo. 

□ 

The proposition below generalizes Proposition 27 in |14| to the asymptoti- 
cally cylindrical case. The proof is much harder. 

Proposition 2. If J is an asymptotically cylindrical almost complex structure 
on W , and u is a J -holomorphic map from C to W satisfying E{u) < +oo, then 
we get ||Vu|| < +oo. 

Proof. Suppose to the contrary, then there exist a sequence of points z% G C, 
satisfying, \z^\ — > oo, Rk '■= ||Vu(2fe)|| — > oo, as k — > oo. By Lemma [l] we 
can modify Zk such that there exist a sequence of > satisfying: z% — > 0, 
£fci?/t — > +oo, and |Vu(z)| ^ 2Rk for z £ B(zk,£k)- Now there are two cases. 
Casel. {a(zk)}k& is unbounded. 

Then there exist a subsequence of Zk, still denoted by Zk, such that a(zk) — > 
+oo or a(zk) —> —oo. WLOG, let's assume a(zk) — > +oo. Pick a further 
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subsequence of z k , such that a(z k ) ^ 2 fe+2 . Let e k := min je^, then we 

have e' k -> 0, e^ifo -> +00, and |a(z) - a(z k )\ ^ 2e^i? fe 5^ 2 • j^- ■ R k = 2 k+1 , for 

\z-z k \ ^ 4- Thus > a ( z ) = a(zfc)-2 fe+1 i> 2 k+2 -2 k+1 = 2 k+1 , for |z-z fc | ^ e' fc . 
Since w is J-holomorphic, we have 

J(u) o Tu = Tu o i. (6) 

Thus 

Joo (u) o Tu = Tit oj + ( — J) (u) o Tit. (7) 
By AC3), we havtQ 

S k := sup ^ || (Joo - J)(u(z))\\ 0, 

ze_B(z fc ,e' fc ) 

as fc — > +00. Define : C — > C by 

ife(«) = Zk + z/Rk 

and Mfc : B(0,e' k R k ) -» W by 

Uk(z) = zt o Z fe (z) = (a(z k + z/R k ),u(z k + z/R k )). 

For any R' > 0, when fc is large, is a J-holomorphic map defined over 
B(0,R'). Moreover, ||Vu fc (z)|| ^ 2 for z G B(0,R'). By Lemma g for any 
n G Z + , there exists C(n,R') satisfying 

ll^llc"(B(o,i?'-i),wo = C(n,R'). (8) 

We also have 

|V« fc (0)| = l (9) 

\Vu k (z)\ ^ 2 for all |z| ^ e' fe i? fc . (10) 

Define u k (z) := (a(z k + z/Rk) - a(z k ), u{z k + z/Rk)). Since {u k (0)} ke z+ is 
bounded, then by (|8| we can apply Ascoli-Arzela theorem to get a subsequence, 
still called u k , satisfying u k — > in Cf£ c , as k ~ > 00. Here Uoo : C — > W is a 
Joo-holomorphic satisfying 

|Vfioo(0)| = 1 HViiooll S 2. 

Indeed, u k satisfies 

Jx,(uk)Tu k = T(u k )i + L k Tu k i, (11) 



'Actually, to prove Proposition |5] Proposition|3]and Theorem|3]we only need is /* J — > J, 



in C} , as s — > 00. We need the stronger condition AC3) to prove exponential decay in 
and thus the main theorems 



3.3 
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where L k := Tf_ a(zk) (J QO - J)(u k ). While, ||£fc|| c o( B(0)( y Rfc) ) -> 0, as k -> oo. 
Therefore, is Joo-holomorphic. 
Now let's look at its energy. 



B(0,W) B(0,R') 



= J(ao l k ,uo l k )*w 

B(0,R') 

mm) 

= J U*LJ+ j U*(u> - Wqo). 



From E{u) < +00 we see 



as k — > +00. While, 



( fc (B(0,iJ')) 



B(z k ,R'/R k ) B(z k ,R'/R k ) 



U*UJ — > 0, 



B(z k ,R'/R k ) 



(12) 



(13) 



B(z k M'/R k ) 



By AC4) we have 



^ J\(uoo - co)(u s ,u t )\ds Adt 

B(z k ,R'/R k ) 



J (2R k 

B(z k ,R'/R k ) 



(Woo - w) 



\2R k ' 2i?fc / 



ds A (it. 



c fe := sup 

2eB(z fc ,e' fc ) 



as fc — > 00. Thus, 



M*(cJco - W) 
B(z k ,R'/R k ) 

as fc — > 00. Therefore, 

S Woo («oo) 



I ^ ) -/.' • - n 



oo^oo = 0. 
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Moreover, we have Ex^i&oo) < +00. Indeed, given (f> 6 C, denote (f> k (r) 
4>{r — a(z k )) G C. Then we have 



u%{4>{r)dr A Aoo) 

B(0,iJ') 



4> k (a)u*(dr A Aoo) 

J fe [B(0,fl')] 



< 



While. 



</> fe (a)w*(er A A) 

B(z k ,R'/R k ) 



4> k (a)u*(a A A) 

B(z k ,R'/R k ) 



cf> k (a)u* (dr A Aoo — c A A) 

B(z k ,R'/R k ) 



< 



4> k (a)u*(a A A) 



and 



(14) 



^ (15) 



4> k (a)u* (dr A Aoo — cr A A) 

B{z k> R'/R k ) 

:; : / fc (a)(2i? fc ) 2 

B(z k ,R'/R k ) 



(dr A Aoo - c A A) 



2i? fc ' 2i? fe 



Since := sup 

zEB(z k ,R'/R k ) 

have 



(*AA M -.AA)(iA) 



ds A eft. (16) 



as k — > 00, we 



< 



4>k(a)u* (dr A Aoo — c A A) 

B(z k ,R'/R k ) 

<p k (a)(2R k ) 2 r k ds A dt 



B{z k ,R'/R k ) 



<: (sup<f>(x)) (2R k ) 2 r k ir 



0. 



(17) 



Combining (14|,(15l,(17l, we get: given R' > and 4> £ C, there exists constant 
if such that for all k > K, 
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u* k (c/)(r)dr A A c 



B(0,R) 



^ E x (u) + 1. 



Therefore, Sa^^oo) ^ E\(u) + 1. Altogether, we get a Joo-holomorphic map 
Hoc : C —> W satisfying 



llVfiooll ^2 
E Uoo (Uoo) = 

By Proposition [T] we get a contradiction, which finishes the proof for Case 



|V«oo(0)| = 1 
EiUoo) < +oo. 



Case 2: {a(z k )} k <z% is bounded. 

Now let us define u k differently from Case 1 by: 



u k (z) :=uol k = (a(z k + z/R k ),u(z k + z/R k )), 



then u k satisfies 



|Vu fc (z)|^2forzeS(0, £fe i? fe ); 

{uk(0)}kez+ is bounded; |Vu(0)| = 1. 



Similarly as in Case 1, by applying Ascoli-Arzela theorem we get a subsequence 
stilled called u k converging to Uoo = (do^Uoo) : ( 
is J-holomorphic satisfying 



W in Cf£ c sense. Here u a 



|V«oo(0)| = 1, 



and 



u k uj ■ I u*ui — > as fc— >-+oo. 

B(0,e k R k ) B(z k ,e k ) 

Thus, E^iUao) = J c u^u! — 0. Moreover, given R' > and <j> £ C we have 
u£ [<£(r)<T A A] = Ju* [<j>{r)a A A] -> 0, 

B(O.-R') B(z k ,R'/R k ) 



(18) 
(19) 

(20) 



as /c — )> +oo. This means 



B(0,R<) M oo 



{too is constant, contradicting (|18| 



")cj A A] = 0, so -Ea(uoo) = 0. Hence, 

□ 



Let : M + x S" 1 — > be a J— holomorphic map with respect to the standard 
almost complex structure on R + x S , i.e. it solves v s + J(v)v t = where (s, t) 
is the coordinate for M. + x S 1 . 
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Proposition 3. Let v be defined as above. Assume E(v) < +00, then we have 

||Vu|| < +00, 

where ||V?)|| := sup |Vi>(s,i)| , and the norm | • | is computed with respect 

(s.ijEl+xS 1 

to the standard metric ds 2 + dt 2 on K + x S 1 and a translationally invariant 
metric gw on W, and V is the Levi-Civita connection with respect to gvv ■ 

Proof. The proof is almost the same as the proof of Proposition [2] □ 

Remark 2. Actually, we can see that we can get a gradient bound with respect 
to a metric jc on the domain and a translationally invariant metric gyy on W, 
as long as the injective radius of go is bounded away from 0. 

3.2 Subsequence convergence 

Theorem 3. Let (W, J) be an asymptotically cylindrical almost complex man- 
ifold, v : R + x S 1 — > W be a J-holomorphic curve with E(v) < +00, and 
v(R + x S 1 ) be unbounded, where we view S 1 as K/Z. Then for any sequence 
R k — > +00, there exists a subsequence Rk n , such that v(R kn ,-) converges in 
C°°(S' 1 ) to a map S 1 — > V given by t ^ x(tT), where x is a \T\-periodic solu- 
tion of x = Roo (x) . 

Proof. By Proposition |] we have || Vu|| ^ C for some C > 0. Since ii(R+ x S 1 ) 
is not bounded, there exist a sequence of points (sk,tk) G K + x S 1 , such that 
|a(s/c,ifc)| — > +00, where v — (a,v). Now there are two cases. 
Case 1: a(sk,tk) —> +00. 

If there exist a sequence of points (s k ,t k ) £ R + x S 1 , such that a(s k ,t k ) < Q 
for some constant Q. Pick a subsequence of (s k , t k ), stilled called (s k , t k ), and a 
subsequence of {s k ,t k ), still called {s k ,t k ), so that they satisfy s k < s k < s k+1 

for all k. This is possible because s k — > +00. Since ||Vu|| ^ C, we have a(s k , t) < 
Q + C for t e S 1 . Consider the compact manifold N = [Q, Q + 2(7] X M C W. 
Pick (f> £ C, such that 0|jv > 0. By Monotonicity Lemma, there exists l > 
such that [.,, 1 , uj + 6(r)a A A > 1 > for all k. This contradicts to the 

fact that E(v) < +00. Thus a(s,t) — > +00 uniformly in t as s — > +00. 
Define 

v n (s,t) = (a(s + k n ,t) - a(k n ,0),v(s + k n ,t)), 

and then the sequence v n (0, 0) = (0, v(k n , 0)) is bounded. Since v is J-holomorphic, 
by Lemma [2] and Ascoli-Arzela Theorem, there exists a subsequence still called 
v n converging to — (6,^00) : K x S 1 — > W in Cf£ c . We know is J^- 
holomorphic. Define the translation map t„ : 1 x 5 1 -> t x S 1 by r„(s,t) = 
(s + k n ,t). Observe 
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VnUoo = J (V ° TnYuJoo 
[-RKjxS 1 [-ftfllxS 1 

v*oj+ J u*(w 00 — uS). (21) 

[-B.+k n ,B,+k n ]xS 1 [-R+k n M+k n ]xS 1 

For the first term on the right hand side we have 

v*u) -> (22) 

[-R+k rt ,R+k n ]xS 1 

as n — > oo. The second term satisfies 



V* (Woo - w) 



where S n := sup 

(a,t)e[-fl+k n ,fl+k„]xS 



^ / |(woo - u;)(« s ,6 t )|ds A dt 

[-ii+t^fl+yxs 1 

^ y C 2 5 n ds A dt, 

[-i?+fc„,fl+fc„]xS 1 

|(aJoo — w)(v s , vt)\ — > as n — > +oo. Thus, 



-ii+fe„,fl+fe„]x5 1 



< 2i?C 2 <L -> 



(23) 



as n — > +oo. Combining (21). (22 1 and (23 1, we can see Jj_jj^] X 5i vto^oc = 0. 

Therefore, ^^(Woo) = 0, so there exists a smooth map / : M 2 — > R such 
that "Doo = (6, x o /), where x is the solution of x = H QO (x). Let $ be the 
holomorphic function defined by <I> = b + if. Since ||V$|| ^ C, $ is linear. 
Thus, <&(s, t) — a(s + it) + j3, where a = T + il, /3 = rn + in € C are constants. 
But b(s, t) - b(s, t + 1) = implies I = 0, and 6(0, 0) = implies m = 0. Thus, 



/ = Tt + n, 
b = Ts. 

Therefore, a s (k n ,t) — > T uniformly in t as n 
(a,i)), "Doo = (6, Voc)). Moreover, we have 



(24) 
(25) 

-oo (Recall the notation v — 



Aoo[(^oo)t]d* 



b,dt = T. 



(26) 



{OlxS 1 



{OlxS 1 



{OjxS 1 
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Claim: T ^ 0. 



Under this claim, Voo is not constant. By (24), /(s, < + 1) = T(t + 1) + n, so 
z(T(t + 1) + n) = x(Tt + n). Hence, x is T-periodic. 

Proof of Claim. Suppose T — 0. Since a(s,t) — > +oo uniformly in i as 
s — > +oo, we can pick a subsequence &„ m of fc„ and a sequence t m G S , 
such that a(fc„ m+1 , t m +i) — o-{kn m ,t m ) ^ 4C. Denote a(k nm ,t m ) by a m . From 
||Vu|| ^ C we get 

a (^« m i *) € [a m - C, a m + C] , (27) 



+ 3C. 



(28) 



Let ip m : K — >■ [0, 1] be a smooth map, satisfying tp m {r) — jc{ r — a m + |C) for 
r e [a m — C, a TO + 5C], and m = ?/> m <E C. We can further require C > 1, then 
(j> m {r) ^ <l. Observe 



i*^ m (r)A) = 



v*(tp m {r)\). 



[fe„ m ,fc„ m JxS 1 



{fe„ m+1 }xSi 



While, 



«*(^m(r)A) 



■0m(6)A(6t)di 
[fc„ m+1 }xSi 

S J \\(v t )\dt ^ T = 0, 

{fc„ m+1 }xSi 

as m — > +oo. Similarly, j xgl u* (i/; m (r)A) — » 0. Thus, 

u*d(V> m (r)A) ->. 0. 



Observe 



[fc„ m ,fe„ m+1 ]x5 1 



r(^(r)(jAA) 

[fe rem ,fc nm + 1 ]xS 1 

v* {(j>rn( r )dr A A) + y w* [^ m (r) (cr — dr) A A] 



(29) 



(30) 



1G 



While, 



v* (4> m (r)dr A A) 



7c„ m ,fc„ JxS 1 



< 



< 



v*d(ip m (r)X) 



7c„ m ,fe„ m+1 ]xS 1 



\v*{ip m {r)d\)\ 



fe„ m ,fc„ m JxS 1 



v* (cu> + c m a A A) , (31) 



[k nm ,k„ m + 1 ]xS 1 



for some c > 0, c m > 0. The second inequality is due to the fact that cw+c m aA\ 
is non-degenerate and tames J; also since d\ —¥ dXoo and i(-§p)d\ 00 = = 
i(R 00 )dA 00 , we can require that c is independent of m and c m goes to as 
m — > +oo. Similarly, we have 



v* [ct> m (r)(a - dr) A A] 



[fe nm ,*;, lm+1 ]xs 1 



^ / «* [ cw + Cm" 7 A A l • (32) 

[fc„ m ,fc„ m+1 ]xS 1 



When k is large, from (30 1, (311 and (32) we get 



v* {4> m (r)a A A) 



<D 



v*d(4> m (r)\) 



[k nm ,k„ m + 1 ]xS 1 



[k nm ,k„ m+1 ]xS 1 



(33) 



for some constant D > which does not depend on m and u. The reason that the 
term Jj fc k j ^i(c m cr A A) does not show up on the right hand side of ( 33 1 is 

because that it is absorbed by the left hand side since <fim\[k nm ,k n JxS 1 = 1/7 
Since E u (v) is finite, f,. 



[k nm ,k„ m+1 ]xS 



! v*uj goes to 0. Together with (29 1, we get 



/ 



v*(<f> m (r)dr A A) ->•(). 



[k nm ,k nm+1 ]xS 1 



Summing up, 



v*(uj + <f> m (r)dr A A) 



(34) 



[k nm ,k„ m + 1 ]xS 1 
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asm-> +00. 

Now consider N m = [a m + C, a m + 3C] x V C W with an almost com- 
plex structure J rn :— J|jv,„ and a non-degenerate 2-form fi TO := co + <f> m (r)a A 
A|7v m - Because of the asymptotic condition, we can find uniform constants 
Co, r > such that the Monotonicity Lemma holds for all m, i.e. for any 
J m -holomorphic curve h m : (S,j) —> (N m ,J m ) where (S, j) is a Riemann sur- 
face with boundary, and if the boundary h m (dS) is contained in the comple- 
ment of the ball B(h m (so),r) where sq <= Int5 m and r < rg, then we have 



fh m (S)nB(h m (s ),r))^ m = C o r2 - % and (|28| we can see u(fc„ m ,S' 1 ) n 



IntA^ m = and u(A; n?ii+1 ,5 1 ) n Int7V m = 0. This contradicts to (34 1. Thus, 
Case 2. a(sk,tk) — > —00. 

We deal with it similarly. In this case we get T < 0. □ 
Corollary 1. Under the assumption of Theorem^ as s — > +00, 

d p [a(s,t)-Ts] -> 
uniformly in t, provided f3 € N x N and \ j3\ ^ 1. 

Proof. Suppose to the contrary, then there exists a sequence of points (sfe,tfe) 
such that Sfe — > +00 and d^[a(s,t) — Ts] |( Sfc ,t fc ) — >■ c as fc ^ +00 for some 
|/3| ^ 1, where c is a non-zero constant (±00 included). Define afc(s,i) := 
a(s + Sfe, t + tk) — a(sfc, tfe), and then (0, 0) = 0. From the proof of Theorem [3] 
we get a subsequence of fc, still called k, such that — > T's in C^ C (]R + x 5 1 , K). 
However, from the Morse-Bott condition, we get T' = T. Thus, 

d p [a{s,t) - Ts]|( Sfc:ifc ) = d f3 [a(s + s k ,t + t k ) - a(s k ,t k ) - Ts]|( ,o) 
= dP(a k (s,t)-Ts)\ (0fl) 

->o, 

which contradicts to the assumption. □ 

To prove Theorem [T] and Theorem [2] we need to get the exponential decay 
estimates. 



3.3 Exponential decay 

In this subsection, we will follow the schemes in U to prove Theorem [l] and 
Theorem [2] The strategy is as follows: Firstly, we pick a neighborhood of the 
orbit 7, restrict the J-holomorphic curve to a sequence of cylinders inside the 
domain so that the images lie in the neighborhood and satisfy certain inequali- 
ties, and estimate the behaviors of each cylinder by the behaviors of boundaries 
of the cylinder. Secondly, we show that near the infinity end of the domain the 
J-holomorphic curve satisfies the inequalities and lies in the neighborhood of 7 
based on the estimates. Once these are achieved, Theorem [l] and Theorem [2] 
follow automatically. 
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In order to study the J-holomorphic curve equation around 7, we need in- 
troduce a good coordinate chart around a neighborhood of 7. 

Lemma 3. J^j Suppose that (W = R x V, J) is an asymptotically cylindri- 
cal almost complex manifold. Let N be a component of the set Nt C V (see 
Definitional, and 7 be one of the orbits from N. 

a) if T is the minimal period of '7 then there exists a neighborhood U D 7 ill 
V such that U D N is invariant under the flow o/Rqo and one finds coordinates 
(■&,xi,...,x n ,yi,...,y n ) ofU such that 



for 0^p,q 



and 



< 



N = {x!,...,x p = : yi,...,y q = 0}, 



uj\n — w |at, 

where ujq = J27=i d x i A dyi. 

b) if ^ is a m-multiple of a trajectory x of a minimal period — there exists a 
tubular neighborhood U of 7 such that its m-multiple cover U together with all 
the structures induced by the covering map from U — > U from the corresponding 
objects on U satisfy the properties of the part a). 

Proof. Refer to Lemma A.l in [S]. □ 

Using this coordinate chart, we can work locally in U C (R/TZ) x M. 2n , and 
make T the minimal period of 7. Denote by Zi n the coordinate (x\, ...,x p ,yx, y q ) 
and by z ou t the coordinate (x n - p +i, x n , y n - p +\, y n ). We can easily see fol- 
lowing lemma about behavior of a J-holomorphic curve in the z out direction. 

Lemma 4. Let J be an asymptotically cylindrical almost complex structure on 
W =KxF, and u be a finite energy J-holomorphic curve from M + x S 1 to 
W . Suppose [rrik,nk] is a sequence of intervals in K + with mk +00 and 
u{[mk,nk] x S 1 ) C U, then we have as k — > +00, 

sup \dP z out {s,t)\ 

(s,t)e[m fc ,n fc ]xS 1 

for all (3 e N x N. 

Proof. The proof is very similar to the proof of Corollary [T] so we omit it 
here. □ 

Let's study the J-holomorphic curve equation inlx[/c tx (R/TZ) xR 2n . 
Denote 9 := [sq, si] x S 1 for some so < si and let u = (a, z) : 6 —> R x U be 
a J-holomorphic curve, then we have 

ii s + Ju t = 0, 
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i.e. 



(a s ,tf s ,z s ) + J(a t ,$t,z t ) = 0. 
The z component of left hand side of this equation is 

z s + n z J\ z z t + a t 7r z R + tf t 7r z J\$ 



d_ 



(35) 



(36) 



where n z is the projection to z component using the Euclidean metric in M x 
(R/TZ) x R 2n . Let's introduce the following notations: 

d d 
^zJU^ia, z in ,z out ) - n z J\i} — (a, *&, z in ,0) 



O z out 

Si(a,fi,z) ■ Zout, 



^out 



TT z R(a, ??, z in , z out ) - 7r 2 R(a, d, z in , 0) 

1 (tT.R) 



(a,tf,z m ,Tz out )dT 
S 2 {a,'d,z) ■ z out , 



o dz ou t 



Zout 



S(s,t) := &t(s,t)S 1 {u(s,t)) + a t (s,t)S 2 (u(s,t)), 

d 

L(s,t) := a t 7r z R(a, z in ,0) + i) t Tr z J\ i } — (a,$, z in ,0), 
M(s,t) :=ir z J\ z . 



With these notations ( 36 1 becomes 

z s + Mz t + Sz out + L. 



The a component of left hand side of ( 35 1 is 



Denote 



d d 
a s + a t ir a J — + -dt^aJ + n a J\ z z t 

d 

=a s +a t 7r a R + ?? t 7r a JR + 'i? t 7r a J(— - R) +7r a J| z z t 

d 

=a s - <d t + a t 7r a R + $ t 7r a J( — - R) + 7r Q J| z z t , 



iVi(a, i?, z,„, z OMt ) := a t 7r a R, 

.AT := iVi(a,-i9, z in ,z out ) + iV 2 (a, z in , 0), 

1 a 



B 



o <9z 



-N 2 {a,i!},z in ,Tz out )dT 



(37) 
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Hence. 



a s - § t + Bz out + B'z t + N = 0. 



(38) 



Apply J to (35 1 we get, J(a s , j? s , z s ) — (a t , i9 t , z t ) — 0, then the a component of 
its left hand side equals 



d d 
at + ^ s 7r a J— + n a J\ z z s + a s ir a J\ a — 
ov da 

d 

a t + d s TT a JR + ir a J\ z z s + a s n a R - tf s TT a J(R - — ) 



Denote 



a t - d s + B'z s + a s 7r a R - d s ir a J(R - 



O x :=tf s vr a J(R- — ), 



C := 







-Oi(a,i?, z in ,TZ out )di 



i o dz ou t 
O := -a s 7r a R + Oi(a,d,z m ,Q), 



Therefore, 

Altogether, we hav^] 



C := -B' . 

a t + i? s + Cz out + C'z s + O = 0. 

z s + Mz t + S'zout + L = 0, 
a s - ti t + Bz out + B'z t + N = 0, 



then by ( 40 ) we get 



(39) 
(40) 
(41) 



a t + tf s + Cz ou t + C'z s + O = 0. (42) 
Define an operator A{s) : W 1 ' 2 (S 1 ,M 2n ) -> L 2 (5 1 , R 2n ) by 

(A(«H(t) = -M(u(s,t))w t (t) - S(u(s,t))«w(t), 



A(s)z(s, ■) = «« + L. (43) 

Notice that A(s) depends on the map u = (a, <&, Zi n , z out ). If we don't use the 
original J— holomorphic curve u, instead, we substitute $(s, t) = $(so,0) + Tt, 
a(s,t) — Ts, z out (s,t) — 0, and Zi n {s,t) = Zi n (so,t), then we get another 



5 From j40| we can see that if we require *, z s and zt decay exponentially, L has to decay 
exponentially. The condition /* J — > Joo in C?° is not enough to guarantee that L decays 
exponentially fast. 
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operator denoted by A(s). We can easily see that the lim A(s) exists and 

a— f+oo 

denote the limit operator by Aq, similarly we get two matrices Mo(<) and So(t), 
and we have 

M (t) 2 = -id, 



and 



{A w)(t) = -M (t)w t (t) - S„(t)w out . 
Consider an inner product on i 2 (S' 1 ,IR 2 ™) given by 

(u,v) = / (u,-J M v}dt, 



(44) 



(45) 
Jo 

where the inner product is given by (•, •) = ui (-, J -). With respect to the inner 
product (•, -)o, it is easy to see that Mq is anti-symmetric. 

Lemma 5. Aq is self-adjoint with respect to the inner product (-,-)o- 

Proof. By Lemma [6] and Lemma [7] this is evident. □ 

Lemma 6. jM (i)S (t) = a^f^ (^o), where v a = (#(s ,0) + 1, Z in (s , t), 0). 

Proof. In R x U C M x (M/TZ) x M 2 " , 

1 



-M (t)S (t) 



- lim 



(Ts, u ) 



lim 



c9 



dz out 



d 



(Ts,v ) 



dz out 



d d 

lim__ ( 77 z J\ a ■ TT a J\tf ' 7^ + TTz ' 7T0 J|tf ' 7T7, ) (Ts, z) 



= lim 



6> 



9 (tTzRoo) 



U ; ..7|„ ) ' ( 7T a J|,? • ^ ) (TV (V,) 



dz out 



(«o). 



The second equality follows from the fact J 2 
Lemma 7. 



-id 



□ 



CJ 



9(7r z Roo) 

dz out 



u out ,v =0J \U 



d (tTzRoo) 



-Wont 



/or w,f € T p (S 11 x R 2 ™) satisfying tt$u = = 7r^u, where p :— ($(so,0) + 
2; in('S0j 0). 



22 



Proof. Let be the flow of Roo. Since the flow preserves tj, we get 

= u, (46) 

i.e. we have 

w{d4>\u), d<t>\v)) = w{u, v). (47) 

Since uj\n — wq\n, we get 

w (#*(it), = w («, u). (48) 

Differentiating both sides with respect to t using the flat connection gives us 

V t cj (#*W,#*(u))=0, (49) 

i.e. 

w ( V t [#< («)] 1 1=0 , «) + w («, V t [#' («)] 1 1=0 ) = 0. (50) 
Let a : K -> S" 1 x M 2 ™ such that a(0) = p and a'(0) = u. Then 

V t [<#«(«)] = V t [V s t (a( S ))]| s=Q = V s [V t ^(a(s))]| s=0 

= V s {Roo[q(s)]}| s=0 = VRoo-U = V (^Roo) Uout. 

□ 

Remark 3. is injective iff 7 is non-degenerate. 

It is not hard to see that ker^lo consists of the constant vector fields in TV 
along 7q. Let's denote by Pq the projection onto ker Aq with respect to (•, -)o, 
and let Qo := / — P$. It is easy to check that Qo satisfies: 

Lemma 8. (Q Q w) t = w t , (Q w) s = Qow s , (Qow) out = w out and Q A = 
A Qo- 

The following lemma will be needed in proving Lemma |T0) 
Lemma 9. There exists a constant C > such that 

\\A Q w\\o ;> C (HQowllo + || (Qt>w) t ||o) 
for w £ W ' (S ,R ), where the norm \\ ■ ||o is defined using the inner product 

Mo- 

Proof. To prove the lemma we only need to prove ||AoQo w llo = C'HQo^Ho for 
some C > 0, because by definition we have 

A Q w = -M (Qow) t - SqQqw. (51) 

Suppose to the contrary, there exists e n — > and w n £ W 1 ' 2 (S 1 ,M. 2n ) satisfying 
HQo^nllo = 1 and ||A Qow„||o = e n . Then we have 

||(Qott>ra)tllo = \\ M oAoQoW n \\ Q + ||MoSoQoWn|| ^ ?n + C" . 
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Therefore, Q w n is bounded in W 1 ' 2 {S l , R 2n ). Since W 1,2 (S 1 ,M. 2n ) embeds 
compactly in L 2 (S 1 ,M. 2n ) we get a subsequence of w n , stilled denoted by w n , 
such that Qow n is a Cauchy sequence in i 2 (5' 1 , R 2n ). But it is easy to see 
that (Qow n ) t is also a Cauchy sequence in L 2 (S 1 ,M. 2n ) . Therefore, Qow n con- 
verges to some r\ in W 1 ' 2 (S 1 , R 2n ), so r\ <G kerA . Because 77 also lies in the 
orthogonal complement of ker A , n has to be 0, which contradicts to the fact 
H77H0 = limj|Q w„j| = 1. □ 

Denote g (s) := §||Qoz(s)||o and kq(s) := (i?(so,0) - 0), z in (s Q , 0) - 
2m(s, 0)), and then we have 

Lemma 10. There exist 5 > 0, b > and R > swc/i £/ia£, i/ 

a(s ,0) ^ b, 

|/c (so)| ^ k, 

sup ^^^(s,*)! ^ (5, 
(«,t)e0 

/or multi-indices (3 with |/3| ^ 2, and 



sup 

(«,t)ee 



|5 /3 (a(s,t) -Ts)| ^ 5, 



sup |^(i?(s,t)-Tt)| ^ (5, 
(«,t)ee 

sup (^^(s,*)) 5^ 5, 
/or i/iose multi-indices (3 with < |/3| ^ 2, then for s <G [so,s], we have 

o;'( S )^ c 2 . 9o ( S )- C2e - c ^ s - s «), 

w/iere 

S := sup {s e [s , Si]||k (s')I = « / or a M s ' e [ s o, s]} , 
and c, ci,c 2 > are constants independent o/s and Si. 
Proof. Notice that from the assumption we have 

sup \d p ('d(s,t)-'&(s,0)-Tt)\^6, 
(s,t)ee 

sup \d f3 (z in (s,t) - z m (s,0j)\ ^5, 
(s,t)ee 

for multi-indices f3 with \j3\ ^ 1. 

Define an operator A(s) : W 1 ' 2 (S' 1 ,R 2n ) -> L 2 (5 1 ,M 2 ") by 



(A(s)iu)(t) = - lim M(a,'&(s,t),z(s,t))wt{t) 

a—>-\-OQ 

- lim ■& t (s,t)S 1 (a, , d(s,t),z(s,t))w ou t(t). 



24 



From (43) we get 

z s = A z + (A + A oKQ )z t + (A + A K )z out + [A{s) ~ A(s)]z - L. (52) 



Applying Q Q to (52 1 gives us 

(Qoz)s = AqQ z + Q (A + A Ko)(Q z) t + Q {A Q + A n )(Q z) out 

+ Q [A(s)-A{s)]z-Q L, (53) 

where 

A = lim [M(a,ti(s,Q) + Tt,ZiJs,Q),0)-M(a,^s,t),z(s,t))], 

a— j-+cxd 

A = lim [T5i(o,i?(»,0)+Tt,« iB («,0),0)-tf t (s,t)5 1 (o,tf(s ) <),«(*,*))], 

a— > +00 



satisfying 



sup |a /3 A (s,t)| s ct, 

(*,t)ee 



sup 

(s,t)e9 



d?A (s,t) 
for multi-indices /3 with |/3| ^ 1, and 



S CS, 



A k = M q - lim M(a,d(s,0) +Tt,z in (s,0),0), 

a— v+oo 



A k = 5 - lim 7 7 5i(a,i9(s,0) +Tt, z in (s, 0),0), 

a— v+oo 



satisfying 



sup 



sup |0"A o («,t)| ^ C, 
(a,i)ee 

for multi-indices j3 with |/3| ^ 1. We can require < S < and we get 

T T 
a{s, t) Z o(« , 0) + -(s - s ) - ^ ^ (b - 5) + -{a - s ). 

Because J is an asymptotically cylindrical almost complex structure, we get 

||Q L||o S coe-^-V e -^( s - s °) 

for some constants cq, c q > 0. Denote c\ := c -^ and C2 := coe~ c °( b ~ s \ and then 
we have 

||Q L|| ^c 2e - Cl ^ s °). 
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Also, from 

[A(s) A(s)]z 

lim M(a,'d(s,t),z(s,t)) - M(a(s,t),ti(s,t),z(s,t)) (Q z) f 

a—t+oo 

lim ■d t (s 1 t)S 1 {a,d(s,t) 1 z{s,t)) - S(a(s,t),fl(s,t), z(s,t)) 

a— v+oo 



{Qoz, 



out 



we get 

\\{dP[A(8) - A(s)]}z\\ ^ c 2 e- c ^-^ ||Qo«|| 0iHrl . a (54) 
for multi-indices (3 with \j3\ ^ 1, by picking cq larger if necessary. 
Now we are ready to estimate g (s). Obviously we have 

9o{s) ^ (Qoz ss ,Qoz)o- 



Now let's compute the right hand side of the above inequality. Differentiate (53 1 
with respect to s, we obtain 

(Qoz)ss = A Q z s + Qo(A + A Q K )(Q z) st + Q Q {A + A K ) s (Q z) t 

+ Qo(A + A Ko)(Q z s ) out + Q {A Q + A k ) S (Q a z) out 

+ Q [A(s) - A(s)] s z + Q [A(s) ~ A(s)]z s - Q L S , 

Thus we get (Qqz ss , Qqz)q contains 8 terms. When we are estimating these 
terms, each time we see Qqz S] we replace it using (53). 

Ti = (A Q z s ,Q z} 

= (AqQoz + Q {A a + A a n )(Q z)t + Q (A + A Ko)(Qoz) out 

+Qo[A(s) - A(s)]z - Q L, A Q z) q 

^ \\A a Q z\\ 2 -C{6 + \Ko\)\\Qoz\\o,wi-4AoQo4o 

- c 2 e- c ^ s - s °) \\Qoz\\ 0iW x* ||4>Qo*||o - c 2 e-^ s -^\\A Q z\\ 0l 

T 2 = (Qo(A + A Ko)(Qoz) st ,Qoz^ 
-l 

u (Q (A + A Q K )(Q z) st , M Q z)dt 
i 

- / wo(Qo(A + A K, )t(Qoz)s,MoQoz)dt 
i 

^o(Qo(A + A k ){Q z) s , (M ) t Q z)dt 

l 

w (Qo(A + A Ko){Qoz) Sl MoQoz t )dt 
^ -3C(5 + \Ko\)\\Qoz s \\ \\Qoz\\ 0tW i,2 

^ -3C(S + \ko\) \\A Q z\\ \\Q z\\ 0tW i.i - 6C(S + \n \) 2 \\Q z\\l wl , 2 

- 3C(S + \K Q \)c 2 e~ c ^-^ \\Q zf 0W1 , 2 - 3C(S + \K \)c 2 e-^ s - s ^\\Q z\\ , w u 
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T 3 = (Qo(A + A K )s(Qoz)t,Qoz) ^ -C(6+\no\)\\Q z\\i w ^ 



Ti = {^Qo(A + A Ko)(Q z s ) ou t, Q z^ 
^ -C(S+\k \)\\Q z s \\ \\Q o z\\ 

^ -C(S + \k \) \\A Qoz\\ \\Q z\\ ,w^ - 2C 2 (6 + |*o|) a ||Qo«||o,w^ 
- C(S + |« |)c 2 e- Cl(s - So) ||Qo2|l2 jW n. a - C(S + \K \)c % e- c ^ s - s ^\\Q a z\\ ^, 

T 5 = ^Qo(A + A Ko) s (Qoz) outl Qoz^ ^ -C(^+\ K o\)\\Qoz\\l jW i,2, 
T 6 = (Qo[A(s) - A(s)] s z, Q z) ^ ~c 2 e- c ^ s - s ^\\Q Q z\\l wl , 2 , 

T r = (Q [A(s) - A(s)}z s ,Q z} 

^ -C2e~ Cl{s ~ So) \\Qoz s \\o,wi.i\\Qoz\\o,wi^ 

.2 -2ci(s-s ) ll/O rll 2 _ „2 -2ci(s-i5o 



c 2 e 



IIOo*|lo " cl e - 2c ^ s - s «>||Q ^|| , w i, 2 , 



T 8 = (-Q L s ,Q z) ^ -c 2 e- Cl ( s - s °)||Q ^||o,wi.^ 

Using all the above estimates of Tx,...,Tg, Lemma [9] and the fact that 



-c 2 e 



— Cl(s— s 



we get 

5o (s) ^ (1 - IOCS - 10C|k | - 10Cc 2 e- Cl ( s - s °)) ffo (s) - c 2 e- c ^ s - s °\ 

From the definition of c 2 we can see that if b is large enough, c 2 can be very 
close to 0. Therefore, 

We can require further that c± > c > 0. □ 
Based on Lemma [lO] we could easily get 



Lemma 11. Under the same assumption as in Lemma 10 we have 



... , . . . , cosh \c (s - £2 n t ^)l c 2 sinh(c(s-s)) 
£ max {g0 ( S0 ), g0 ( 5 )} + ^^^y 

for sq ^ s S s. 
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Proof. Let 



h(s) :=max{g (s ),go(s)} 



cosh [c (i 



so +5 



)] 



cosh (c^a; 



C-2 



-\ — c 2 sinh(c(s — sq)) 



|sinh(c(s — s)) 



+e -Cl(B-S ) sm 



inh(c(s - s )) - e- Cl ^~ S0 ^ sinh(c(s - s ))} 



then h(s) satisfies: 



'ti'(s) - c 2 h(s) = -c 2 e- Cl ( s - s °) 

< h(s ) = m&x{g (s ),g (s)} (55) 
Ji(s) = m&x{g (s ),g (s)} 

Let l(s) := go(s) — h(s), then l(s) satisfies 
>(s)-c 2 Z(s) ^0 

/(so) S (56) 

Then by Maximal principle we get l(s) ^ for so ^ s ^ s. Then the lemma 
follows from the fact that 

e -ci(*-* ) S i n h(c(s - s )) - e - Cl( - s - s °l sinh(c(s - s )) ^ 0. 

□ 

Now let's study the component z in . 

Lemma 12. Let e be a unit vector in K 2 ™ with e ou t — 0. Under the assumption 
of Lemma 10 and for s £ [sq,s], we have 



\(z(s),e} - (z(s ),e) | 



< 



8C* 



max(||<3 z(so)||o, ||Q z(s)||o) + d ■ ^2 



where d = 



16C 



. / 2 2 2 + and C is a constant independent of so and S\. 
V c i c Cl 



Proof. The inner product of the Cauchy-Riemann equation ( 40 1 with e gives 
d 



ds 



(z, e) + (Mzt,e) + {Sz out , e) + (L, e) = 0. 



From 



(Mzt,e) = / uj (M(Q z) t ,M e)dt 
Jo 

= -/ uj (M t Q z,M e)dt- uj (MQ z, (M ) t e) dt 
Jo Jo 
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we can see 



KM«t,e) | ^C||Q *||o- 

Together with the facts \ (Sz out ,e) \ £ C\\Q z\\ and \{L,e) \ ^ c 2 e~ Cl{s ~ So) 
get 



we 



(z(s),e) - (z(s ),e) £ / 2C||Q *(p)||o + c 2 e~ c ^-^ 



S 2C / v / 2<?o(y)dy 

J sn 



C2 
Cl ' 



While, Lemma [T0| gives us 



J s n 



< 



'2niax{ffo(s ),go(s)} 
cosh (c 5 ^) 

/ 2c 2 1 
V c 2 — c 2 sinh(c(s — s )) 



' cosh 



c y 



s +s 



dy 



\/sinh(c(s — y))dy- 



For the first integral we have 



/2max{ffo(s ),go(g)} 
cosh (c^a) 

<2max{ffo(so),go(s)} 
cosh (c^a) 



' cosh 



c y 



s +s 



sinh f — I s 
c V 2 V 2 



2 

s +s 



r/y 



< / 2max{ff (s ),go(s)} 
= Y cosh(c^) 



c V4 



2y/2 . ,{c (S-SQ 

sinh - — - — 

c V 2 V 2 



Here the first inequality follows from the fact that 

V cosh u < \/2cosh ^ — 
For the second integral, if s — s ^ 1/c, we have 



2e 2 1 

c 2 — c 2 sinh(c(s — So)) 

2c 2 1 



i/sinh(c(s — y))dy 



= \l , - - 



c 2 — c 2 sinh(c(s — s )) 



c(s-r) 



<: 



C2 



2 _ „2 ' 



C V CT — c 
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if s — sq < 1 /c, we have 



2c 2 



c\ — c? sinh(c(s — s )) 



^/sinh(c(s — y))dy 



2c 2 /•' / sinh(c(s-r)) 



< 



Y cf - c 2 y so y sinh(c(s - s )) 
1 / 2c, 



c W cj — cr 

Putting these together we proved this lemma. □ 

Remark 4. By requiring that b is sufficiently large, we can make c 2 sufficiently 
small. 

Now let's estimate the derivatives of z. 
Lemma 13. There exist 5 > 0, b > and R > swc/i i/iai, «/ 

sup |^z ou t(s,t)| ^ <5 
(a,t)ee 

a(s o ,0) ^ b 
for multi-indices (3 with ^ i, and 

sup \d fs (a(s,t)-Ts)\ ^ <5 
(s,t)ee 

sup |0"(0(*,t) -t)| ^ (J 

sup |9 ,3 z m (s,t)| ^ 5 
(s,t)ee 



/or i/iose multi-indices ft with < |/3| ^ /, then for s € [so,s], we have 

9 — 

TV)) 



r /cosh Cci Cj s Q+ 5 N i N i 
\\d^z(s)\\ Q ^C p max {||Qo9^( S o)||o,||Qo^z(s)||o}W \±±- f 2 

l/3'|^|/3| I- - 1 y COsh(C! ( 

y smh(c(s - s )) 

where 

s := sup {s 6 [so, si]| |ko(s')| ^ k /or a// s' € [sq, s]} , 

and Cp,Ci > are constants independent of sq and s±, 1 ^ \0\ ^ I — 2, and 
CP(c2) is a function o/c 2 independent of sq and Sx, satisfying lim C^(c 2 ) = 0, 

and / is the integer in Definition [T] 
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Proof. Let's prove the estimate for \j3\ = 1. The proof of estimates of higher 
derivatives is almost the same. Refer to Lemma A. 6 in [5] for the estimates for 
all derivatives in the Cylindrical case. 



Equation ( 52 1 can be rewritten as 



A z + Az t + Az 



Az 



(57) 



with A = A + A k , A = A + A k , and A = [A(s) - A(s)]. Denote W := 
(Q z, ^ (Qqz) ,A Q()Z, ^ (^oQo^)) , then W satisfies 

W s = A Q W + QoAWt + Qo AWout + AW - C, 

where A = diag(A , A , Aq, Ap), Q = diag(Q ,Q ,Q ,Q Q ), and A, A, A,C 
satisfy similar estimates as A, A, A, L respectively. Indeed, for |/3| = 1 we could 
derive this equation by direct computation. For general /3, we could derive this 
by induction on |/3|. This equation is of the same type as the equation (57 1. 



Copying the proofs of Lemma [10] Lemma [TT] and Lemma [12] we can get the 
desired estimate for W. In particular, we get the estimates for (Qqz) s and 

AqQqZ. 

From the equation z t = MqAqQqz + MoQoSoz ou t we get the estimate for z t . 



Applying Pq to the equation ( 57 1 , we get 



(P Q z) s = P Az t + P Az out + P Az - P L. 



This equation together with the estimate of Az (See formula 54 1 gives us the 
desired estimate for Pqz s . Then the estimate for z s follows from z s = Pqz s + 
Q z s . □ 

Lemma 14. Let d = £ [<& (^,t) - Tt] dt, a = £ [a (^,t) - Ts ] dt, 
a = a(s,t) — Ts — ao and-d = i?(s, t) — Tt — i?q. Under the assumption of Lemma 
13 we have for s G [sq,s] and all multi index j3 with \j3\ ^ I — 3, 



||^ (5( S ,t)|| 2 ,||^ (tf(M)) 



ZCi max {\\Q Q d^ zis^WlWQ^' z{ 5 )\\l} 

l/3'l^l/9|+3 

+ C 1 max(||fi( So ,.)|| 2 + $(s ,-) 2 ,||a(s,-)|| 2 + 



where the norm \\-\\ is L?-norm, 0(02) satisfies lim 0(02) = 0, and C\ is a 



ti(s,-) \+o{c 2 ) 



constant independent of u. 



c 2 ->0 



Proof. We could modify the proofs of Lemmata 3.8-3.13 in [TB] in the obvious 



way similar to what we did in the proof of Lemma 10 and then use Lemma 13 
to prove this lemma. We omit the proof here, since essentially it is not new. □ 
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Remark 5. When s is infinity, we could get a better exponential decay esti- 
mate using the same proof, and in that case the term 0(02) can be replaced by 

Now we are ready to prove Theorem [T] 

Proof. Let's follow the proof in [4 . By Theorem [3j we can find a sequence 
som 00 such that 

lim u(s 0m ,t) = j(Tt) 

m— >oo 

lim a(so m ,t) = ±00 

m— >oo 

for some T-periodic orbit 7 of . From the proof of Theorem[3] we can further 

require for any multi-indices a with \a\ > we have sup \\d a z(s 0m , t)\\ — > as 

tes 1 

m — > +00. 

Given a > and let £m > be the largest number such that u(s,t) G 
S 1 x [-a, o-] 2n for all s £ [s 0m ,s 0m + ( m }. Let 9 m := [s 0m ,s 0m + Cm] x S 1 
and Ko m (s) := (#(som, 0) — i?(s, 0), Zm(so m , 0) — Zi n (s, 0)) and we can define the 
operator Ao m in the obvious way. 

By Corollary [l] given 5 > we have 

sup \d^(a(s,t)-Ts)\^5 
(s,t)ee m 

for those multi-indices /? with < \0\ ^ 3, when m is large. This implies 
o(so m ,0) — > +00, as m — > +00. Notice that the other requirements in the 



Lemma |10| and Lemma 13 are also satisfied, i.e. given 5 > 0, there exists rag 



such that for m > rag we have 

sup jd^outCM)! ^ <5 
(s,t)ee,„ 

for multi-indices /3 with |/?| ^ and 

|a^(i?(«,t)-rt)| ^ 8 (58) 



sup 

(s,t)e6„ 



sup 

for those multi-indices f3 with < |/?| ^ Z. Indeed, if {(s mk ,t mk )} violates 
one of these properties, we could define u mk (s, t) to be (a(s — s mk ,t — im*.) — 
a{s„ lk , t„ lfc ), u(s— s mk , t—t„ lk )). By Ascoli-Arzela, we can extract a subsequence, 
still called u mk (s, i), such that £t mfc (s, t) converges in Cf£ c to a Joo-holomorphic 
cylinder over a periodic orbit 7' of Roo . Since must satisfy those three 
properties, we get a contradiction. 

By construction | (z(som), e) 0m \ —> and \\Qo m d a z(so m )\\ — ► 0, for all multi- 
index a with |a| ^ 0. Let R m be the "k" in Lemma 10 and Lemma 13 applied to 



u| 8m and let s m := sup{s £ [s 0m ,s 0m + Cm]||«0m(sj| = K m for all i 7 € [s ,s]} 
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and notice that actually foul c cin be chosen independent of to. We can extract 
a subsequence so that u(s m ,t) converges to a closed Reeb orbit 7". Therefore, 



\Qomd a z(s m )\\ —> 0, for all multi-indices a with \a\ ^ 0. {z(s, 
sup \§ i z in (s m ,t)\ y give us sup \z in (s m ,t)\ -> 0. By Lemma 



tes 1 

n~3l we have 



tes 1 



10 



and 
and Lemma 



/o 



sup ||9^2;(s)||or, 
sS[s 0m ,s m ] 



for |/3 1 ^ fc. Therefore, 



(59) 



sup |z in (s,t)| 

(s.^elsom.SmlxS 1 



< 



sup 



\ z in(s, •)llc°(S 1 ) 



^£ sup ||z m (s,-)|| w i,2 (s i ) 

S6[s0m,5m] 



^1 
-►0. 



sup 

«e[s 0m ,s„ 



+ Sup ||2j„(s, -)||ori 

01 se[s 0m ,« m ] 



Lemma 14 and formula (58) imply |x?(s m , 0) — ^(s 0m , 0)| — > 0, as m — > 00. Thus, 
we have s m = sq to + Cm for m large enough, and 



sup \z(s, t)\ —> 

as to — y 00. Therefore, ( m = +00 for to large. 



□ 



Furthermore, we can show the convergence of J-holomorphic curve is expo- 
nentially fast. Let's prove Theorem [2j 

Proof. Now with the help of the previous lemmata, the proof of the third 
inequality is almost evident. Indeed, since s = +00, Lemma 11 becomes 

(s) ^ ^.9o( s o) + c^-d 2 ) e~ c ( s ~ s °\ Consequently, in the proof Lemma 



9o 

could get 



12 



we 



\( z ( s ), e ) \ 



< 



where C is independent of s. Similarly, we could get the corresponding state- 
ment of Lemma [13] for s = +00. 

The proof for the rest is a straightforward modification of the original proof 
in [H]. □ 

So far we studied the behaviors of a finite energy J-holomorphic curve whose 
domain is an infinite cylinder. In order to compactify the moduli space of 



33 



holomorphic curves, we also need to understand the behavior of a finite energy 
J— holomorphic curve whose domain is a long but finite interval and whose u> 
energy is small. To do that, we first need the following Bubbling Lemma. 

Lemma 15. (Bubbling Lemma fhl/) Let (W = Rx V, Jq) be a cylindrical almost 
complex manifold. There exists a constant h > depending only on (W, Jq,ujq) 
where ujq is the 2— form in Definition^ and^ so that the following holds true. 
Let (J n ,(d n ) be a sequence of pairs satisfying (AC1)-(AC7) on W and converging 
to (Jo, wo) in C} oc , i.e. for any compact subset K C W, both 

\\{Jn~ J*)\k\\ c i = sup (|V(J n - J )H| + |(J„- Jo)(«0|) 

and 

||(w„ - u> Q )\ K \\ cl = sup (|V(w„ - Uo)(w)\ + \(oj„ - u) )(w)\) 

converge to 0. Consider a sequence of J n — holomorphic maps u n = (a„,it n ) 
from the unit disc B(0, 1) to W satisfying E n (u n ) ^ C for some constant C, 
such that the sequence a„(0) are bounded, and such that ||V'S Il (0)|| — > +oo as 
n — > +oo. Then there exist a sequence of points z n £ B(0, 1) converging to 0, 
sequences of positive numbers e n and R n satisfying 

e n — > 0, R n — > +oo 

R n -> +00, < l 

such that the rescaled maps 

u° n : B(0,e n Rn) -> W 
z i y u n (z n +R^ 1 z) 

converge in C?£ c to a J -holomorphic map u° : C — > W which satisfies E (u°) ^ 
C and E UQ {u Q ) > h. 

Moreover, this map is either a holomorphic sphere or a holomorphic plane 
asymptotic as \z\ — > oo to a periodic orbit of the vector field Ro defined by 

Proof. The proof is almost the same as the proof in [S] . □ 

The following theorem shows a property of a sufficiently long cylinder having 
small w-area. It is needed in order to prove the compactness results for the 
moduli space of J— holomorphic curves in the Symplectic Field Theory. Refer 
to [TBI [S] for the cylindrical case. 

Theorem 4. Suppose that J is an asymptotically almost complex structure on 
W = K x V . Given Eq > and e > 0, there exist constants a, c > such that 
for every R > c and every J -holomorphic cylinder u = (a, u) : [— i?, R] x S 1 — > 
W satisfying the inequalities E u {u) < a and E(u) < Eq, we have u(s,t) £ 
B £ {u{0, t)) for all s G [-R + c,R-c] and all t e S 1 . 
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Proof. The proof follows the scheme in [5] with some modification. 

By contradiction, assume that there exist sequences c„ — > +00, R n > c„ 
and u n — (a n ,u n ) : [— R n ,R n ] X S 1 — > K x M. w„ is J— holomorphic satisfying 
S(u n ) ^ Bo, E u (u n ) -t 0, and u„(s„,i„) ^ B(tt„(0, t n ), e) for some s n € 
[—k n , k n ], k n = R n — c n and t„ e 5 1 . By the proof of Proposition [2] together with 
the Bubbling Lemma, || Vu n || is uniformly bounded on each compact subset. We 
could extract a subsequence of n, stilled denoted by n, such that a n (s n ,i„) — > 
+00. This is because otherwise, we could get a contradiction as in the proof of 
Proposition [2] Now define u^(s, t) := (a°,it°) = (a n (s, t) — a n (s n , t n ), u n (s, t)). 
Hence, by Ascoli-Arzela, we can exact a subsequence still called w° converging 
to a Jqo -holomorphic cylinder u : K x S 1 — > E x M. u satisfies E u {u) = and 
E(u) ^ £0, so « is a trivial vertical cylinder over some periodic orbit 7. Let's 
choose a neighborhood around 7 and pick the coordinate as in Lemma [3j and 
show that 

sup \d z outtn (s,t)\^O (60) 

(sflel-t^iJxS 1 

for multi-indices with \(3\ ^ 3 and 

sup \dP{a n (s,t)-Ts)\ -+0 (61) 
(s,t)e[-fe„,fe 7l ]xs 1 

sup |^z m .„(s,t)| -> (62) 

(s,t)£[-fe n ,fc n ]xS 1 

sup |^(i?„(s,t) -Tt)| ->■ (63) 
(s,t)e[-fc„,fe„]xs 1 

for multi-indices /3 with < |/3| 5^ 3, when n — > +00. 

If this were not true, suppose there exists a subsequence of {n} still denoted 
by {n} such that (s' n ,t' n ) violates one of these properties. Then we could do 
the same argument using (s' n ,t' n ) instead of (s n ,t n ) as above, and get a verti- 
cal trivial cylinder contradicting to the fact that (s' n ,t' n ) violates one of these 
properties. 

Define Ao n and Qo n in the obvious way using 7 and SQ n — 0. Then we could 
apply Lemma 10 Lemma 11 Lemma 12 and Lemma 13 to each i„||_ t]i ^j, and 
get sup |[£2on£n( s )||o,7i ~~ * 0. Then the Sobolev embedding theorem tells us 

s&[-k„,k„] 

K 0n — > as n — > +00. This contradicts to the assumption that u n (s n ,t n ) ^ 
B(u n (0,t),e). □ 

We need the following theorem later to prove the surjectivity of the gluing 
map. After we proved all the previous lemmata and theorems, the proof of the 
following theorem is standard. 

Theorem 5. Suppose that J is an asymptotically almost complex structure on 
W = fx V . Given Eq > and e > 0, there exist constants a, c, b, v > such that 
for every R > c and every J -holomorphic cylinder u — (a, u) : [-R, R] x S 1 —> 
IxF satisfying the inequalities a > b, E u {u) < a and E(u) < Eq, there exist 
7 G V and a coordinate around 7 as in Lemma^such that we have 
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for s £ [-R + c,R - c], t G 5 1 , and /3 G N x N such that |/9| ^ I - 3, where 
M^, Cp, Cfs are constants independent of u, Cp converges to as b converges to 
+00, and Mg, cp are independent of b. 



4 Almost complex manifolds with asymptotically 
cylindrical ends 

In this section, we introduce the notion of almost complex manifolds with 
asymptotically cylindrical ends. Obviously the results about the behaviors of 
J-holomorphic curves and the proofs of the results are almost the same as in 
the asymptotically cylindrical case, so please refer to previous sections. 



4.1 Definition 

Let (W, J) be a 2n + 2 dimensional noncompact almost complex manifold, and 
E± be an open subset containing the positive (negative) end of W . Assume 
that E± is diffeomorphic to Mr 11 x V± , where V± is a 2n + 1 dimensional closed 
manifold. Assume that there exist a J compatible symplectic form lo' on W, and 
(M. x V± , J) is asymptotically cylindrical at positive (negative) infinity, then 
we say (W, J) is an almost complex manifold with asymptotically cylindrical 
positive (negative) end. 

Example 3. [5 Let (X,lj',J) be an almost Kahlcr manifold, and Y C X is 
an embedded closed almost Kahler submanifold. We claim that (X\Y, J\x\y) 
has asymptotically cylindrical negative end. Let N be the normal bundle of Y 
in X with the metric ui'(-, J-)\y, V be the associated unit sphere bundle of N 
defined by V :— { (u, y) € N\ \u\ — 1}, and U e be the disc bundle over Y defined 
by U e := { (u, y) £ N\ \u\ ^ e}. For small enough e > 0, U e is diffeomorphic 
to a tubular neighborhood of Y in X via the exponential map with respect to 
the metric u/(-, J-). Since U c is also diffeomorphic to (—00, log e] x V via the 
map (u, y) 1— > (log |u|, y), we get an almost complex structure and a 2- 

form on (—00, log e] x V, still denoted by J and uj' respectively. Let (s,v) be 
the coordinate on (-00, log e] x V, and define R = J(^), £ = TV fl JT^. 
Then we have T ((-00, loge] xl/)=R (^) © R(R) © £ and denote n i to be 
the projection onto £. Also for any w £ ^(s,o) [( — °°il g e ] x V^] = t/ c , we can 
write Hiasiii = w u + with w u in the fiber direction and w y tangent to the 
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base Y using the metric J-)\y- Define a 2-form ut on (—00, log e] x V by 
to(v, w) = (jj'(TT^(e~ s v u +v y ), TT^(e^ s w u + w y )) for v, w <E T( s r ) [(—00, log e] x V] . 
It is easy to check that the pair (w, J) satisfies (AC1)-(AC7). 

In particular, if we pick Y to be a point in X, we get Example [2] as a special 
case. 

4.2 Energy of J-holomorphic curves 

Let w be a J-holomorphic map from (S,j) to (W, J), and define 

E UJ (w) = / + / U>*OJ + / W*LO. 

Jw- 1 (W-E + -E-) Jw- 1 (E + ) Jw- 1 (E_) 



E\(w) = sup / w*(<fxr A A) + sup / w*(4>cr A A), 

</>eC + Jw- 1 {E + ) 4>eC- J w- 1 {E^) 

where 

C + = {^eCr(M + ,[0,l])| /</>=!} 
C_ = {^C C °°(1-,[0,1])| /^ = 1 ^ 

and 

+ £ A (u>). 

Now based on the analytical results in previous sections, we can get the 
following compactness results. 

Theorem 6. The moduli spaces of proper stable holomorphic buildings with 
bounded Hofer's energy, whose domains have a fixed number arithmetic genus 
and a fixed number of marked points, are compact. 

See 8.1 and 8.2 in [S] for the definition of moduli space of stable holomorphic 
buildings in manifolds with cylindrical ends and the topology of the moduli space 
of holomorphic buildings; see 4.1-4.5 in j5] for other related definitions. Readers 
could refer to Appendix |6.1| and |6.2| of this paper for the case with presence of 
Lagrangian boundary conditions. 

Based on the results in the previous parts of this paper, the proof of this 
theorem is a minor modification of the proof as in 10.2 in |5_ in the obvious way, 
so we omit it. For a special case in Section [5] we give a proof in Theorem [TO] 
which is slightly different from the situation here because we have to deal with 
the Lagrangian boundary condition in Section [5] 
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5 An application to Lagrangian Intersection The- 
ory 

In this section, we give an application of the results established in the pre- 
vious sections to Lagrangian surgery. In particular, we give another proof 
of Theorem Z in [HI OH [TT]. Theorem Z is the main theorem in [11 . It re- 
lates the moduli space of J-holomorphic triangles Wt r % with boundaries lying in 
three transversal Lagrangian submanifolds Lq, L\ and L 2 to the moduli space of 
nearby J— holomorphic strips with boundaries lying in Lq and the Lagrangian 
connected sum L\$ t L 2 . Roughly speaking, it says the second moduli space is a 
fiber bundle over the first moduli space with fiber diffeomorphic to a point or 
S n ~ 2 depending on the sign of e, where n is the dimension of the Lagrangian 
submanifolds. The relation between Theorem Z and Mirror Symmetry can be 
found in [El Q3]. 

The advantages of the new proof are: first, we don't need to assume the 
almost complex structure J is integrable near L\ (1 L 2 \ second, the new proof 
uses the notion of holomorphic buildings in Symplectic Field Theory which is 
more intuitive than the mere estimates as in the original proofs; finally, the new 
proof is given in a more systematic way. 

For completeness sake, we will recall some definitions and results from 
Readers could refer to [TT] for some details. 

5.1 Lagrangian surgery 

Let (M,u>',J) be an an almost Kahler manifold, and L\ and L 2 be two La- 
grangian submanifolds transversally intersecting at the point p± 2 . We can pick 
an open neighborhood B around pi 2 symplectomorphic to an open neighbor- 
hood -B(eo) of € C" with the standard symplectic form Edx, A dyi, such that 
Li and L 2 locally look like 1" and 



{(e Q - 



1 v 1 ,...,e a2 ^ [ v n )\v 1 , ...,v n € 



respectively, and the almost complex structure J restricted to the origin is the 
same as the standard complex structure of C" restricted to the origin. Here 
< ot\ ^ a 2 = ■•• = oi n < it are called Kahler angles. In this paper, let's 
restrict ourselves to the case a\ — a 2 = ... = a n = a. Also to simplify notation, 
we can assume e = 1, which is not essential. 

Let's define a new Lagrangian submanifold H tl := j ei ■ SZtn C C™, where 
SSn 1 is the unit sphere in E" C C", and 



7ei = <; re^ 10 e 



a 



|2ei|^ =r^sin[ — ) , e (0, a) } if e x > 0, 



7ei 



\2ex\ 



'tt(0 



,6e(0,a)\ if ei < 0. 



:-!«S 



Let's modify H ei to get a Lagrangian submanifold {Hf ) which agrees with 
R n U e a ^ I R n outside B(0,2S 0y /\e^\), for some S > 0. Let's focus on t x > 
case (ei < case is similar). Consider a function 8{r) : [-v/2|e|, +oo) — > [0,a/2] 
satisfying 9(r) = for r ^ 2So^/\eV\■, for r ^ SoVleiJ, is defined by |2e|*s = 
and 



(7fj' = 



-10(r 



22 ^ 0. Then we put 

G [72R,oo)}u{ 



-l(a-0(r)) 



G [v^M,oo)} 



and define (H£) = (7-fJ • S^ 1 c C™. By identifying the local model with the 
neighborhood B we replace Li and L 2 by L £l = {(if" ) n B} U {ij U L 2 — B}. 
For the case t\ > 0, we call this process a positive surgery; for the case e\ < 0, 
we call it a negative surgery. 



5.2 Holomorphic triangles 

Let Lo, ii and L 2 be a triple of Lagrangian submanifolds of (M, a/, J), which 
are mutually transversal. Assume the Kahler angle between L\ and i 2 all equal 
to a. Consider a J— holomorphic triangle wtri from the unit disk D 2 c C to M, 
such that 



^tri(-l) =P01i 
Wtri(l) =P02, 
Wt«(—\/-T) =Pl2, 

Wt r i is Fredholm regular, 



iu tr 
w tr 



1,-1 cl , 



(64) 



The multiplicity of u> tr j at — \/— 1 is one, (see Remark 

where we use the notation ~a% to denote the arc on the unit circle from point 
a to point b using the standard boundary orientation, and pij G Li n Lj, and 
Fredholm regular means that Dd is surjective. 

Remark 6. If we identify Rx [0,1] with the domain D 2 \{ — \/— 1} C C via 
the map 

, x ^/^Te 7^ ( T +^ T^ ) + 1 

(T,t) H> 



^(r+V^lt) 



-1 



and identify C™\{0} with RxS 2n 1 via the map (p defined by z i-» (log \z\, z/\z\), 
then we say the J— holomorphic triangle w tr i has multiplicity one if 

lim w tr i{r,t) = e" v/ ~ It a 



uniformly in t, for some a G S n C K™ C C™. Notice that 
(0 ^ i ^ 1) is a minimal solution of x = R_ oc (x) with two ends lying in R" and 
gQv^Tjjn respectively, i.e. a simple Reeb chord. If the almost complex structure 
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J is integrable near 0, we know w(t, t) has to converge to a multiple Reeb chord 
by Section 3.4 in [TT], and if we assume the "multiplicity" is one, we get w(r, t) 
converges to e Qv/ ~**a for some a £ S 2 "^ 1 . If we have some sort of Carleman 
Similarity Principle for the case with two transversal Lagrangian submanifolds, 
we could easily see that the J-holomorphic curve converges to some solution 
of x — R_oo(a:). However, at this moment we don't know whether this is 
always the case, and it's a work in progress. It is easy to see that converging 
to the Reeb chord is equivalent to having finite Hofer's energy in this setting, 
so equivalently we could assume that the Hofer's energy is so small that the 
J-holomorphic curve has to converge to some simple solution of x — R_ oc (a;). 



Let's denote the moduli space of Wtri satisfying (64) by M[{Lq, L\, L2), J). 
We then perform Lagrangian surgery at P12 £ L\ n L2 and get L ei . Consider 
the set of J— holomorphic 2— gons w : D 2 — > M satisfying 



(V^) C Lq w 

; P01 W(1)=P12- 




C L ei 



(65) 



Let's denote the set of w's satisfying ( 65 1 by M.((L ei ,Lo),J) and its quotient 
under the action of Aut(D 2 , (—1, 1)) by A4((L ei , Lq), J). Let's denote by 

M((L ei ,L ),J;w tri ,e2) 
the subset of A4((L ei , Lq), J) consisting of [w] satisfying 

sup distg M (w(z),w tr i{z)) ^ e 2 , 

ZED 2 

where gM is the Riemannian metric on M given by <?m(', ■) = w'G, J')- 

The following theorem is a generalization of the main theorem in which 
is also the main theorem for this section. The proof of this theorem will be 
given step by step. 

Theorem 7. Assume that Wtri € AA((Lq, L\, L2), J) is isolated. Then for each 
sufficiently small £2 and t\ with |ei| < e^ 00 we have the following 

If ei < 0, then A4((L ei , Lq), J; w tri , e 2 ) consists of one point which is Fred- 
holm regular; 

If e\ > 0, then A4((L ei , Lq), J; Wtri, e 2) is diffeomorphic to S n ~ 2 . Each ele- 
ment of it is Fredholm regular. 

Remark 7. In [TT], the above theorem is proven under an additional require- 
ment that J is integrable near pw The condition of Wtri being isolated can be 
weakened (see [UJ), and the proof is similar. 

We will use the method of gluing to prove this theorem. To do this, we need 
to study 



40 



5.3 Local model of holomorphic discs in C n . 

Consider the Lagrangian subspaces E™ and e v/ ~ Ta E" in C™, where < a < it. 
Let's identify the C™\{0} with E x S 2 "- 1 via the map z h-> (log |z|, z/|z|). Fix 
a £ S n_1 C E™ C C™ and consider all holomorphic maps «; : H — >• C™ satisfying 



»(ffl)c(ff»)', 

There exist c, C > and To £ E such that 

e- QT u;(e 7r ( T+ ^ /=Tt )) - e *(T-T +V=Tt) a <; Ce - CT for all e K + x [ 0) 1]. 

(66) 

We denote the set of all such w's by A4(M.,C n ; (H" ) , a), and denote 

_M(H,C n ; (H*)',a) = M(M,C n ; (H°)' , a)/Aut{U}. 

Theorem 8. There exists a constant So (a) independent of e%, such that for all 
So > So (a) we have 

If e > 0, A4(M,C" ; {H9) , a) has only one element; 

If e < 0, M.(M, C n ; (H" ) , a) is diffeomorphic to S n ~ 2 . Moreover, in either 
case, elements in _M(H, C"; (H^) , a) are regular. 

Proof. Refer to 6.3 in [IT]. □ 

We denote by A4 (H, C n ; {H^)', a) the set of all w hnd £ M(W, C n ; (H^)' , a) 
satisfying 



Ref a/2 {wi md (z)) = wi md (-z), 
and 

7r(T+V=Tth _ „a(T+-s/=It), 



< Ce" 



for r ^ 0, and some constant C independent of wi mdl where Ref a /2 is the 
reflection along e^Tf™ i n C™. 

Lemma 16. For each [w] £ A4(M, C n ; {H±i)' , a), there exists exactly one ele- 
ment wimd £ .Mo(H,C"; (H"iY,a) such that [w/ m( j] = [w]. 

Proof. Refer to Lemma 7.3 in [TTJ. □ 

From now on, let's assume the surgery parameter t\ is negative, 

because the proofs in both cases are similar and the proof in t\ negative case is 
harder than t\ positive case. 
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5.4 Compactness 



We will construct a gluing map to prove Theorem [7J However, let's study 
the "inverse" of gluing first, which is slightly easier, i.e. we will study the 
compactification of the moduli space of holomorphic strips first. 

Consider arbitrary sequences of e^j, e 2i i > and J— holomorphic maps u>i : 
D 2 -> M such that 

' lim en = = lim e 2yi , ^(-1) = p 01 , Wi(l) = p 20 , 

< Wl (^U)el_ £li „ w,(W)eio, ( 67 ) 

^dist gu (w tri (z),Wi(z)) < e 2 ,i, < £3°°- 

where <?jvf is the Riemannian metric on M given by gu{', •) = <*/(•, J - )* 

We want to prove that there exists a subsequence of Wi converging to a 
holomorphic building of height 1 1 1 consisting of Wtri and wi m d in the sense of 
Symplectic Field Theory. Refer to Appendix |6.2| for the definition of convergence 
to holomorphic buildings. 



Uniform energy bound 

To prove convergence, we need to get uniform energy bound. Let's recall the 
set up of |2.1| We pick an open neighborhood B around p\ 2 symplectomorphic 
to an open neighborhood B(eo) (We assume the radius sq = 1 for the simplicity 
of notation) of inside C™ with the standard symplectic form ujq = Yidxi A 
dyi, such that L\ and L 2 locally look like K™ and e Qv/ ~ T , and J(0) = i(0). 
Identify 5(1)\{0} with E" x S 2 * 1 ' 1 via z h> (log \z\, A). Let (r, 6) be the 

coordinate of K~ x S* 2 "" 1 , and define £ := JTV n TV, R := J uj(u, v) := 
e- 2r w (7r c u,7r^), and the 1-form A by: X\ 6 = 0, A(J^) = 0, A (R) = 1. It's 
not hard to see that when restricted to S' 2 ™ -1 , R_oo is the Reeb vector field of 
5' 2n_1 with the standard contact form A_oo. 

Let tq < to be determined, and pick n — > —00 as i — > +00. Denote 
the open subset w~ x [(r^ro) x S" 2 ™ -1 ] C D 2 by £/j, and then we have dUi = 
d\Ui — d 2 Ui — UjdBij, where B^s are components of {[— 00, r,-)), is 
the pre-image of {tq} x 5 2 ™ -1 , d 2 Ui is to the pre-image of the Lagrangian 
submanifold L_ £l ; , and the orientations are chosen so that this formula is true. 

Lemma 17. || ViUj|| < C < +00, where the norm is computed with respect to the 
Euclidean metrics on D 2 C C and gm on M, and the constant C is independent 
ofi. 

Proof. Suppose not, then there exists a bubble, which contradicts the require- 
ment that distg M (w tr i(z),Wi(z)) < e 2i . □ 

From Stokes theorem, we have 



w.*A_oo - / w*\-oa ~ S&y = / u>*dA_oo, (68) 

di_Ui Jd 2 Ui JU, 



whereby := f BB toJA. 
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Lemma 18. fry 2i 0. 

Proof. Since the orientation of dBij comes from the orientation of Bij , we get 



;*A_ 



dB %] 



w*(e r A_oo) = e r ' / w*d(e r X- oc> ) 



W*UJQ ^ 0. 



(69) 



□ 



Given 5 > 0, there exist r and i Q , such that for all i ^ i we have 
the following: 



Lemma 19. 



*A_ 



diUi 



< d. 



Proof. In the proof of this lemma there is no difference between cylindrical and 
asymptotically cylindrical case. This follows from Corollary 8.6 in [IT]. □ 



For the second term in equation ( 68 1 , we have 
Lemma 20. 



W*X- r 



< 6. 



Proof. Since dX-oo\xL- tl = 0, in order to compute Jg 2U w*X—ooj we can de- 
form WiidiUi) inside L- ei i without changing the value of the integral. Then we 
can either use the computation in Lemma 8.21 in [11 . or we can further show 
that dA_oo|spo7jc{o} = 0j where a G S n ~ l C E" C C™, and deform ^(tfct/j) 
further to make the computation trivial. □ 

Proposition 4. E u (wi) 5= 7r + 35. 

Proof. We have 



'Ui 



w*(d\- 0o )+ wt(u-d\-oo). (70) 

Ui JUi 



By Lemma |19"| and Lemma |20| the first term becomes 

w-X-oo ^ a-(a-n)+2S = ir+2S. (71) 

d 2 U t 



w^dX-oo) = / w*X. 

U t JdiUi 



For the second term, by Lemma |17| we have 

J w* (u - dX^) ^f(u- ^A-oc) ^) dxAdy^C 2 - Area{Ui) ^ 6. 

(72) 
□ 
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Proposition 5. E\(wi) a + 66. 

Proof. Given <\> e C_ = {(f> e C~(lr, [0, 1])| / = 1}, let $(r) = <j){l)dl, 
by a similar computation as in Lemma [20| we have 

w*($A_oo) ^ a - 7r - <5. 



While, 



S $(r ) / teJA-ao + (tt - a + J) - $(r<) V / 



lW*A_oo 



and by (72 1 



^ 1 • (a + <5) + (tt - a + (5) - 1 • = tt + 25, 



u7?(*dA_oo) = / + / <(*(dA_oo - w)) ^ 



(73) 
(74) 



From ( 73 ) and (|74|) . we get 



w*(4>drh A_oo) = / <<i($A_oo)-/ 
^vr + 2(5 + (5 

^7T + 3(5. 

On the other hand. 

w*((/><7 A A) = / w*((f)dr A A_oo) + / w*{()xt A A — 0dr A A_oo) 



(75) 



< 



< 



u, 



w*{<j>dr AA_oo) +/ w*e (4>uj + <j><7 A \) 



Ui 



w*((j)drA\- oo ) + e 2r0 / utfw + e 2r ° / taf^AA). 

(76) 



The third inequality follows from the fact 0^0^ 1. Therefore, from (75), ( |76 
and Proposition [4] we derive 



E\(wi) = sup / w* (0(7 A A) 
4>eC- JUi 



< 



1 



1 - e 2r <> 

< TT + 4(5. 



w*(4>dr A A_c 



o2r 



1 - e 2r o 



(tt + 1) 



(77) 
□ 
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Altogether, we get 



Proposition 6. E{w. L ) = E x {wi) + E u {wi) ^ n + 76. 
Theorem 9. Wi does not hit the origin. 

Proof. For fixed i, the energy bound and Theorem [T] imply that Wi has to 
converge to some Reeb orbits near infinity inside Bij , if the set of B^ is not the 
empty set. Therefore, £6^ — > 2kir, for some k S N, as i — > oo. However, from 
Lemma 19 and Lemma 20 f dlU . u?*A_oo — Id 2 u w i ^-°o = a + 1 — (a — ir) < 2ir. 
From (68) and (72 1 we get 2kir — 1 < 2tt, so k = 0. In other words, w~ 1 (0) = 
0. ' □ 

Proof of compactness 

In this section, we will prove Wi converges to the holomorphic building w of 
height 1|1 consisting of wtri and wi m d for some wi m d & Mq(M, C"; (H"-^)', a) in 
the sense of Symplectic Field Theory, where a E S 11 ^ 1 is determined in Remark 
[6j (Refer to the appendix 6.2 for definition of convergence.) The proof uses 



the ideas in (5), but it is not covered by [5], because firstly, we have to deal 
with Lagrangian boundary condition; secondly, the almost complex structure 
is asymptotically cylindrical; thirdly, we need to specify to which holomorphic 
building the sequence converges to. 

Let D 2 — {z e C| \z\ ^ 1} and a finite set of punctures Z = Zi nt U Z^dy such 

bdy 



that Z int = Z n IntD 2 and Z bdv = Z n 3D 2 . 



Lemma 21. Any finite energy 'punctured holomorphic map 

w:(D 2 - Z, dD 2 ) ->(lx S 2 "- 1 , (Li U L 2 ) n R x S" 2 "- 1 ) 

wzi/i exactly one positive puncture which corresponds to the Reeb chord 7, where 
7 is a Reeb chord between L\ and L2 with J A_oo = a, and given by j(t) = 

e a^it a j Qr ^ t ^ 1 and some a € S 1 ™ -1 , and a< Zeasi one negative puncture, 
has to be the trivial cylinder over 7. 

Proof. Let D 2 be the oriented blow up of D 2 along Z , and then the boundary 
of dD 2 decomposes as dD 2 = d + D 2 U d-D 2 U <9D 2 , where d + D 2 and <9_Z? 2 
correspond to the positive end and negative end respectively. Stokes theorem 
tells us that 



a = I w*A_oo = / w*dX- oa + / w*X- 00 ^ / w*A_oo. 

JS+D 2 J_D 2 Ja__D 2 Jd-D 2 

However, since every Reeb orbit in (S* 2 ™ -1 , A_oo) has period 2kir for k 6 Z + , 
and every Reeb chord has length at least a, w(d+) is a Reeb chord of length a. 
Therefore, we get f D2 w*d\-oo = 0, i.e. w is a trivial holomorphic cylinder over 
7. □ 
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Lemma 22. Any finite energy punctured holomorphic map 

w:{D 2 - Z,dD 2 ) -^(ix S 2 "' 1 , 

with exactly one positive puncture which corresponds to the Reeb chord 7, where 
j is a Reeb chord between L\ and L 2 with J A_ oc = a, and given by jit) — 

e a\/-Tt a j or 5^ t ^ 1 and some a G S n ~ 1 , has to be a reparametrization of 

some w lmd e M {M,C n ; 

Proof. By a similar argument as in the proof of Theorem [9] w cannot have any 
negative puncture. Then this follows from Theorem [8] □ 

Now we have a sequence of maps Wi satisfying ( |67[ ) and E{wi) < C < +00. 
Let's add one auxiliary boundary marked point {y/— 1} on the domain D 2 of 
each Wi to stabilize the domain, and denote the new domain as £j, i.e. is 
the unit disc with the marked points set 9Jti = { — 1,1, y/— 1}. Let's prove the 
compactness in this special case following the ideas in [S]. 

Theorem 10. Wi converges to a holomorphic building w of height 1|1 consisting 
of Wtri and some wi m d G .Mo(KI,C n ; (H^)' , a) for some a G S 11 ^ 1 in the sense 
of Symplectic Field Theory. 

Proof. The proof is sketched as follows. Let g' be a metric on M — {^12} 
defined as a cylindrical metric near the end of M — {^12}, the standard metric 
<7m outside a neighborhood of P12, and an interpolation between them in an 
annulus region on the M . We claim by repeatedly adding same number (1 or 2 
) of additional marked points to 9JI; in the following specific way, eventually at 
some finite step I, the marked point set becomes 9Jl\, and we can achieve that 
sup |Vwj(z)| • p\{z) is uniformly bounded, where the gradient is computed 

with respect to g' on M — {P12} and g\ on — 9Jt' which is complete hyperbolic 
metric of curvature —1 on — 971' making <9£i geodesies, and corresponds to 
the complex structure of — 9Jl' ; and p\ (z) is the injective radius of the doubled 

Riemann Surface — of (£i,9Jt') along <9Xi at the point z with respect to 
the doubled metric g\ of g\ (Compare Lemma 10.7 in [3]). Note that in our 
convention we start with step I — 1, i.e. 9Jt° = 971^. 

If sup |Vi«i(z)| • Pi(z) is not bounded, then there exists a sequence of 

points z l G Si — 9Jti such that |Vu>i(V)| • p®{z l ) — > +00. Now it is easy to see 
that there are two cases that may happen. 

Case I: There exist constants G\^Ci > 0, a subsequence of i, still denoted 
by i, and injective holomorphic charts tpi : D 2 — > — 971^ satisfying ipi(Q) = z' 1 
and C lP °(M^)) ^ ||W>^)|| S Cufltyiiz*)). 

Case II: There exist constants C\, C2 > 0, — 1 < di ^ with dj — > 0, and 
injective holomorphic charts tpi from Bi := { z G L> 2 | Imz ^ d^} to — 971^, 
satisfying ^i(0) = z\ Vi ({ * G D 2 \ Imz = d,}) C - 971, and dp^i^)) ^ 
||V^(*'')|| ZChfPiMz*)). 
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For Case I: since ||V(wj o^OH (0) — * +°°7 by Lemma 15 there exist yi € 
D 2 satisfying j/j — > and positive constants and i?,; := ||V (wi o (yt) 
satisfying — > 0, Ri — > +oo, e^i?^ — > +oo, and \yi \ + Si < 1, such that the map 

w i{y) — Wi o ipi (yi + j^j : B(0, SiRi) — > M\{poi}, after an obvious translation 
in the K direction, converges in C^ c to a J-oo-holomorphic map : C — > 
K x .S* 2 "- 1 because of the conditions in formula (67 1. Now there are two sub- 
cases. 

Case IA, there exist a subsequence of i. such that dist g o(ip i (y i ),dT. i ) > a > 
0, for some constant a. In this case, we add two marked points ipiiUi) an< i 
MUi + bt) to 9Jt° and get 0Jt£. Let's denote the limit of (S l ,0Jl l fc ) by (S fc ,OT fe ). 
(See Appendix 6.1 for the definition of convergence.) Since dist g o(ipi{yi) , ipi(yi + 



^t)) — > 0, in (E 1 , 9J1 1 ) these two additional marked points give rise to at least 
an additional interior sphere bubble attached to (E°,9Jl°). (See Proposition 4.3 
in [5] for all the possible configurations in this case.) The sphere bubble serves 
as the domain of Woo . 

Case IB, dist g o(ipi(yi), <9£i) — > 0. We add two marked points ipi(yi) and 
^AVi + 57) to CtJti and get 9Jt*. In (S 1 ,!^ 1 ) these two additional marked points 
give us at least an additional disc bubble together with an interior sphere bubble 
over that disc bubble attached to (£°,9Jt°). (See Figures below.) The sphere 
bubble serves as the domain of itJ M . 

For Case II: by Lemma [l] there exist yi £ D 2 satisfying yi — > and positive 
constants Si and Ri := ||V (wi o ?/>j)|| (y^) satisfying — > 0, Ri — > +00, — ► 
+00, \ yi \ + Si < 1, and ||V o (y') ^ 21^(^0^)11 ( w ) for all y 1 G 
B(yi,£i). Now there are three sub-cases. 

Case IIA, there exist a subsequence of i, still denoted by i, such that 
i?i(Imy i — di) — > +00. This is the case similar to Case IB. We consider the 

map Wi(y) = Wi o -0i (yi + 5-) : 5(0, -R,(Imyj - d*)) M\{p i}- After an ob- 
vious translation in the R direction, Wi converges in Cf£ c to a J-co- holomorphic 
map Woo :C^Ix S 2 "^ 1 because of the conditions in formula (67 1. We add 
two marked points ipi{Ui) an d ipi{yi + gr) to 9Jt° and get 9Jl|. In (E^SJt 1 ) these 
two additional marked points give us at least an additional disc bubble together 
with an interior sphere bubble over that disc bubble attached to (£°,9Jt°). The 
sphere bubble serves as the domain of Woo . 

Case IIB, there exist a subsequence of i, still denoted by i, such that Ri(lmyi— 

di) ->• c> 0. Consider the map w 4 : B ^0, 2 ^ m e ' d ) ) ni-> M\{p i} defined 
by Wi(y) — WiOipiiReyt + yf^ldi + ilmyi-d^y). Wi satisfies || Vrai(V^l) || -> c, 
||Vt&i|| = 2c, and u)j ^i? ^0, 2 ^ m £i — ^yj H <9H^ C £_ ei 4 . After an obvious trans- 
lation in the K direction, if necessary, Wi converges in Cf£ c to a J-oo-holomorphic 
map Woo from Htolx S 2 ™ -1 . We add one marked point ^iiVi) to 9Jt° and get 
971*. In (E 1 , 9J1 1 ) this additional marked point give rise to at least an additional 
disc bubble. The disc bubble serves as the domain of Wqo. 

Case IIC, Ri{lmyi — di) -> 0. Consider the map W4 : B (0, 5i 2 ^ i ) fli 4 
M\{poi} defined by Wi(y) = Wi o ^(Rey^ + \/— ldj + #-). Then u>j satisfies 
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IIVt&ifV^T)!! = 1, ||V«5i|| ^ 2, and w, (B (0, ^) DOT) C L_ ei>i . After an 
obvious translation in the M direction, if necessary, u), converges in to a 
Joo-holomorphic map Woo from itolx iS* 2 " -1 . We add the additional marked 
points ^(Rej/i + -y/— ldj) and ^(Rej/j + V~ ld» + ^r) to and get 9Jlj. In 
(S 1 ,^ 1 ) these two additional marked points give rise to at least an additional 
disc bubble. The disc bubble serves as the domain of Wqq. 




(Figure Case IA. Configurations of (S fc+1 , 9Jl k+1 ).) The shaded parts rep- 
resent (Y, k ,dJt k ), and the unshaded parts correspond to the additional bubbles. 
The first one corresponds to the situation that the two additional marked points 
collide to a regular interior point. The second one corresponds to the situation 
that the two additional marked points collide to a regular interior marked point. 
The third one corresponds to the situation that the two additional marked points 
collide to a special interior marked point. 




(Figure Case IB and Case II A. Configurations of (E fc+1 , VJl k+1 ).) Case IB 
and Case IIA have the same types of configurations. The first one corresponds 
to the situation that the two additional marked points collide to a regular bound- 
ary point. The second one corresponds to the situation that the two additional 
marked points collide to a regular boundary marked point. The third one corre- 
sponds to the situation that the two additional marked points collide to a special 
boundary marked point. 
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(Figure Case IIB. Configurations of (E fe+1 ,Wl k+1 ).) The first one corre- 
sponds to the situation that the additional marked point collide to a regular 
point on the boundary. The second one corresponds to the situation when the 
additional marked point collide to a regular boundary marked point. The third 
one corresponds to the situation when the additional marked point collide to a 
special boundary marked point. 





(Figure Case IIC Configurations of (£ fc+1 , Wl k+1 ).) The first one corre- 
sponds to the situation that the two additional boundary marked points collide 
to a regular boundary point. The second one corresponds to the situation that 
the two additional boundary marked points collide to a regular boundary marked 
point. The third one corresponds to the situation that the two additional bound- 
ary marked points collide to a special boundary marked point. 

If sup |Vwi(z)| • p(z) is still unbounded, then we repeat the process. It 

is not hard to see that different steps give rise to different bubble in the limit. 



By Lemma 15 and Stokes Theorem, the cj_ 00 -energy of Woo restricted to each 
domain sphere bubble is bounded away from 0. By a similar argument, it is not 
hard to see that the o;_ 00 -energy of restricted to each disc bubble is also 
bounded away from 0. (See [T3]). By Proposition [4] the process has to stop at 
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some finite step 

Let (E, 9Jt, T>) be the limit of (£$, 971'), where 9H is the set of regular marked 
points, and T> is the set of special marked points, and then we get a se- 



wherc 



qucnce of maps ipi : TP — > Ej satisfying CRS1)-CRS3) in Appendix 6.1 
E 15 is constructed from the oriented blow up of E along the special marked 
points by gluing along the special circle or half circle. We denote the set 
{z e E, - Wl\\p\(z) ^ e} byThick e (Ei-37li) and the set {zeS,- 9tt-|/9-0) ^ e} 
by Things* -0Jt[). 

For any e > 0, we have sup { |Vwi(z)|| z G Thick e (E 4 - 2H-)} ^ Ce. Since 
y>*5? converges to the hyperbolic metric g l on E - 9Jt U V in C~ C (E - QJtU X>), 
as long as i is sufficiently large we have 

sup{|V(w 4 o<pi)(z)\\z G Thick e (E-9JtUX>)} < Ce, 

where the norm and the injective radius are computed with respect to the hy- 
perbolic metric g l on E — 9Jt U T>. From the Gromov-Schwarz Lemma [5] we get 
all the higher derivatives bounds of it)j o ip^ on Thick e {E — 9JI}. By properly 
translating Wi o tp, restricted to a component of tpf 1 (Thick e (Ej — 9Jt')) , apply- 
ing Ascoli-Arzela Theorem, letting e — > 0, and taking a diagonal subsequence 
of i, still called z, we get that up to a translation Wi o ipi converges in C^ C (T) 
to w\t, for any component T of E — 9Jt U 2?. 

Now let us study the convergence of Wi o <p i in Thin s {E — SUl}. We only 
consider the thin parts that converge to pairs of boundary special marked points, 
for the other cases are similar and slightly easier. 

For a component Tf of the e-thin part of on £-° with respect to the hyper- 
bolic metric ip* g\ , assuming Tf converges to a pair of boundary special marked 
points in T> as i — > 00 and e — ¥ 0, there exists a conformal parametrization 



q!:Al = [-Nf,Nf]x [0,l]->CZf,ji), 
such that in the C°°([0, l])-sense, 

lim lim 6^ o ip, t o qf | (±jvf )x [0,1] = 7 ± : 

where 7 + , 7" are Reeb chords or constant maps, is pull back complex structure 
via (fi, and 0^ is the tuj followed by the projection R~ x S 211 ^ 1 S 2n ~ l . We 
can choose the parametrization qf such that 

\Vqt{x)\^p\{qt{x)), 

where the gradient is computed with respect to the flat metric in the source and 
hyperbolic metric <p*g\ in the target. This gives us the uniform gradient bound 

sup \V(wi otpio £jf (x))| ^ C. 

We can choose a sequence of £j — > and translate un by a sequence of constants 
di so that by choosing a subsequence of Wi o ip i o qp + ca we get 
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lim (Wi ocpio q?* + Oi)| {± jvfi} x [o,i] = 7 ± - 

i— too L I J 

For i large, 0i o( y5i o 9f i |{±jv e i} x [o 1] are sufficiently C°°([0, 1]) close to 7 ± . Since 
in the contact case by Stokes Theorem the w-energy restricted to A| j goes to 
as i — > +00, by Theorem [4] for every a > we get constants c, / > so 
that @i o tpi o qi(r,t) lies in the a neighborhood of 8j o ip t o g?*(0, t) for all 
(r,i) G [-TV/* + c,A/f - c] x [0,1] and i > J. This tells us 7 +(<) = j~(t) for 
all i. This also proves that the limit map w continuously extends to the special 
arc. 

Let (Yjtri, SQtfri^trt) be the component of (S, 9Jt, T>) that corresponds to the 



limit of (Ei,3JTj). It's easy to see that from formula (67 1 that w\^ t —w t riuv tri 
equals to the J— holomorphic triangle wtri <Pi • By Proposition Ul the uj-oo 
energy of w restricted to restricted to S — Ej r j is no greater than ir. From the 
Stokes Theorem we know that a non-removable interior puncture will contribute 
2kir to the u) energy for some 1 ^ k G Z, a non-removable negative boundary 
puncture will contribute 2rmr + a or (2m + l)7r — a to the cj energy for some 
^ to G Z, and a non-removable negative boundary puncture will contribute 
— 2pir — a or — (2p + 1)tt + a to the u; energy for some ^ p G Z. Thus 
we can easily see that the only possible configuration is that there is only one 
component in E — E^, denoted by E; m( j, and that E; m( 2 is a disc bubble. Thus 
the process of adding additional marked points stops at step 1 — 2. and it is in 
the Case IIB or Case IIC. 

From Theorem[8]we can see that up to a reparametrization w\£ lmd -Di md .Liwti m d 
equals to a local model Wi m d G Mo(H, C"; (iff )', a). In particular, Wltri — 
{ — 1, 1, v— 1} are all removable singularity for w\-£ tri -sxrt tri uD tr ii an d near 2? tr j = 
{ — \J— 1}, io|E tr( -£0't t r»uz> tri is close to a trivial cylinder over a Reeb chord 7~ of 
length a. □ 

5.5 Gluing 

To finish the proof of Theorem [7] we will construct the gluing map glue{t\) : 

M((L , Li.La), J) x A4(H, C n ; (H^)' , a) -> X((L £l , L ), J; e 2 ). 

Since M(H, C n ; (iT^)', a) is biholomorphic to M (H, C n ; (if^)', a) = S""" 2 
and we assume w tr i G A4((L , L 1; L 2 ), J) is isolated, we only need to glue w tr i 
with wi m d G A^o(H, C"; (fif^)', a), and show that glue(ei) induces a diffeomor- 
phism between Mo(H, C ra ; (iff^)', a) and VW((L £l , L ), J; I0t r i, £2). In general, 
A^((£ei , Lq), J; 7«t r i, £2) is a fiber bundle over .M((Lo, Li, £2), J) with fibers dif- 
feomorphic to S n ~ 2 . Please refer to [11] for the precise statement when wtri is 
not isolated. 

To define the glue(e\), we first preglue the two curves to get an approxi- 
mately J-holomorphic strip w app and then apply implicit function theorem in a 
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suitable setting. This is done in Pregluing in 5.5 To show glue{e\) is a diffeo- 
morphism, the key step is to show it is surjective. This is done in Surjectivity 
of gluing in |5.5| 



Pregluing 

Let q{T,t) = e^ij+V^t) be the biholomorphic map from K x [0, 1] to I C C, 
and we don't distinguish between iu; m£ ; and w\ m d ° <T when there is no confusion. 
We also identify C"\{0} with K x S 12 "- 1 via the map z i-> (log \z\,z/\z\). And 
then wi m d(r,t) = (^(t, i), 0(r, i)) satisfies 



q(t, t) -> ar, 



9(t,£) -> e 



exponentially as t — > +oo. Denote io^ d := \ log | e 1 1 + wi m d- 

Let's use (r',<') e 1 x [0, 1] as the coordinate of E tri = D 2 \{-^/^l, \/ 3 T} 

viax(T',t') = g^S^g^f then w tri {r' ,t') = (g> (t> ,?),&> (t> ,t>)) satisfies 



q'{t' ,t') -» ar' + a tr 



exponentially as r' — > — oo. 

Pick R > sufficiently large so that aR — a tr i is sufficiently large. Pick 
ei < sufficiently close to such that a tr i — aR — |log|ei| — log^S^a:)) 
is sufficiently large. We glue the domains EjjL^ and Titri using the relation 
t = t' + a^ 1 {a trl - \ log |ei|), t = t' and get S^ftEtri- Let w app = u^Ju! tri 
be the approximate solution T. e l ^ nd ^T, tr i — > W defined by: 



1. if t 1 > -R+l, 



W app (T',t') = Wtri{r',t'), 



2. if -R S t' ^ -R+l, 

w app {r', t') = ((1 - P(t')) {ar' + a tri ) + P{t') P '{t', t'), 



exp e 



^(rOexp-^^e'Cr',*')]), 



3. if -R - 1 < t' < -R. 



Wapp(T',t') 



= ( (1 - V(r')) {ar' + a tri ) + T](t')q(t' + crVtri - \ log |ei|),t'), 
exp eav ^r t - a T]{T')ey^~^ t , a Q{T' + a- 1 {a t ri - ^ log |ei|), t') 

4. if t' ^-R-l, 

w a pp(T',t') =wll nd {i J + ar 1 (a t ri - -logleil),*'), 
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where j3 and r] are some cut-off function satisfying /3(—R + 1) = 1, f3(—R) = 0, 
\f3'\ ^ 1, ri(—R) = 0, r)(—R — 1) = 1, and |?7'| ^ 1, and the exponential map is 
defined using the standard metric on S 2 ' 1 ^ 1 . 

Using the fact that J converges exponentially to the standard almost com- 
plex structure J in K x S 2 ™ -1 we can see that w app satisfies 

J ||5,7W Q p P || =0 for t 1 > -R+ 1 

j||9,7W Q pp|| ^ C U-<ocR- atri ) +e -c(a tr4 -aK-|log|e 1 |-Jog(2So(a))^ for T > ^ + 1 ; 

where C, c are constants independent of R, e\ and wi m d, and the norm ||-j| is 
the weighted Sobolev norm computed with respect to the standard cylindrical 
metrics on [0,l]xR/Z and on ix 5' 2n_1 , please refer to the section 7.6 Weighted 
Sobolev norm and a right inverse in pT] for all the necessary details. 

Now we can follow the general scheme of gluing and perturb w app to get a 
regular J-holomorphic 2-gon, when R is sufficiently large and ei is small enough. 
Meanwhile, we can show that A4((L ei , Lq), J; Wt r i, £2) is regular. 

Theorem 11. For each sufficiently small ti and e\ with |ei| < e^ 00 we have the 
following 

If £1 < 0, then M((L ei , Lq), J; Wtri, £2) is Fredholm regular and contains one 
element; 

If e\ > 0, then M.((L £l , Lq), J; w tr i, £2) is Fredholm regular and contains 
S n ~ 2 parametrized family of elements. 

Proof. The proof is similar to the proof in the cylindrical case. Please refer to 

EH- ' □ 

Surjectivity of gluing 

In order to prove Theorem [7] we need to prove the following theorem which 
states that the gluing map is surjective. 



Theorem 12. Let Wi be the sequence of J-holomorphic strips satisfying (61), 
and then there exists a sequence of 

t » Wii e J V( (i ) C'';(^ 1 )',a) 

such that [wi] — [glue(ei j i)(wt r i, Wimd,ij\ for all sufficient large i 's, after choosing 
a subsequence of i if necessary. 

Proof. (Sketch) Suppose this is not true, there exists a subsequence of i, still 
called i, such that Wi does not come from gluing. By Theorem [TUJ we get 
a subsequence of Wi that converges to a holomorphic building of height 1|1 
consisting of Wtri and wi m d- We want to show that the holomorphic strip wi lies 
in a small neighborhood of the holomorphic strip glue(e\j)(wt r i, Wi m d). The 
neighborhood has to be taken under a certain strong topology so that we could 
apply the implicit function theorem. This can be guaranteed by the compactness 
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result of Theorem 10 in the Thick c -part of the domains and by Theorem £ ' in the 
Thin e -part of the domains, together with the well known results about Frenchel- 
Nelson coordinates description of the Deligne-Mumford compactification. For 
the precise norm and setting to apply the implicit function theorem, one could 
refer to [IT]. Then we could follow the approach in [TT], and define a path of 
maps T(r) by 



T(r)(s,t) = exp w .( St t) r ■ exp w ^ a ^glue(ei <i )(wtri,'Wimd,i) 



T(r) satisfies T(0) = u>; and T(l) = glue(ei^i){wtri,wi m d)- Since Wi lies in 
a small neighborhood of glue(ei t i)(w tr i,wi m( i), ||9,/T(t)|| is sufficiently small. 
By implicit function theorem, we could perturb T(i) and get T(£) such that 
T(0) = T(0), T(l) = T(l), and T(i) is J-holomorphic. 

Since A4((L ei , Lq), J; Wtri, £2) is a smooth manifold of dimension n — 2 which 
equals the dimension of Mq(M, C n ; (iff)', a), Wi comes from the gluing construc- 
tion. □ 



6 Appendix 

The Appendix is intended to provide backgrounds for Section [4] and Section [5] 
We will restrict ourselves to the special case. 

6.1 Bordered stable nodal Riemann surfaces 

Refer to [12] for details. Let S = (S, j, B, DJl, V) be a compact possibly 
disconnected Riemann surface with a set B of disjoint smooth circles for 
i = 0, 1, 2, L as boundaries and a set DJt U T> of numbered distinct marked 
points. The marked points from StJl are regular marked point, and we allow both 
boundary marked points and interior marked points, i.e. 9JI = DJlintUDJlbdy- The 
marked points from T> are special marked points, and we allow both boundary 
special marked points and interior special marked points, i.e. T> — T>i nt U T>bdy 
The special marked points are organized in pairs: T> int = {d\, dry, df., d k }, 
T^bdy = {^1,^1, ■■■^hh.i}- A bordered nodal Riemann surface is an equivalence 
class of surfaces (S, j, B, SDT, V) under the equivalence relation: surfaces S = 
(S,j,B,M,V) and S' = (S',j',B',W¥,T>') are called equivalent if there exists 
a diffeomorphism tp : S —, S' such that ip t j = j' , (p(DJt) — DJl' , (p(B) — B' and 
(p(T>) = V , where we assume that ip preserves the ordering of the sets 371 and 9Jt', 
S and S' . S = (5, j, B, DJl, V) is called decorated if for each interior special pair 
there is chosen an orientation reversing orthogonal map : I\ — (Tj. S\Q) /K* — > 
T t = (Td.S\0)/R*, we denote it by S = (5, j, B, Tt, V, r). Orientation reversing 
orthogonal means r(e v/ ~ Te z) = e _ ^ Te r(z). For S = (S, j, B, 9Jt, T>, r) we can 
construct the oriented blow up at each point in T>, identify special circles in pairs 
via the decoration r, identify special half circles in pairs, and get a Riemann 

6 We use the negative infinity end version of Theorem pi 
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surface S D ' r . We can double S D - r along the boundary and get a smooth closed 
Riemann surface S D ' r . 

The signature of S = (S, j, B, DJl, T>,r) is the tuplet 

where L is number of the boundary circles, /Zj nt is the cardinality of 9Jli n t, [i\ dy 
is the cardinality of DJlbdy H for 1 ^ i ^ L, and g is defined as the genus 
of S^ r . We say S = (S, j, B,M,V,r) is connected if S D < r is connected. A 
connected S = (S,j,B,9Jl,T>,r) is called stable if 

2g + 2$Wl int + tWlbdy ^ 3. 

We denote the moduli space of decorated bordered stable nodal Riemann sur- 
faces of signature (g,~jt) by A4 g jt, and the moduli space of bordered stable 
nodal Riemann surfaces of signature (g, ~ft) by M g _-jf. Given a bordered stable 
nodal Riemann surface S = (S, j, B, 9JI, V), the Uniformization Theorem asserts 
the existence of a unique complete hyperbolic metric h?^^ D of constant cur- 
vature — 1 of finite volume, in the given conformal class j on S\(9JtU D), such 
that B l are geodesies, for all i. 

A sequence of decorated stable nodal Riemann surfaces 

(^ni 3m B n , tyJl n , T^ni ^n) 

is said to converge to a decorated stable nodal Riemann surface 

S = (S,j,B,Vfl,V,r) 
if (for sufficient large n) there exists a sequence of diffeomorphisms 

tf n : b -> b n n > " 

with ip n (9JV) = 9Jl n and <p n (B) = B n , such that the following conditions are 
satisfied. 

• CRS1. For every n Si 1, the images tp n (Ti) of the special circles (half 
circles) 1^ C S V ' r for i = 1, k, are special circles (half circles) or closed 
geodesies (closed geodesies after we double S Vn ' Trl ) with respect to the 
metrics nUT>n on S Vn ' r "\DJl n . Moreover, all special circles (half cir- 
cles) on S Vn ' Xn are among these images. 

• CRS2. h n -> h s in C,~ (S 2? ' r \(SWU i Ti)), where h n = <p* n h^ l ^ v ™ . 

• CRS3. Given a component C of Thin e (S) C S V ' r which contains a special 
circle (half circles) I\ and given a point Cj G Ti, we consider for every 
n ^ 1 the geodesic arc <5" for the induced metric h n = ip^h : > n ' mnU ' Drl which 
intersects I\ orthogonally at the point Cj, and whose ends are contained 
in the e— thick part of the metric h n . The (Cn5™) converges as n — > oo in 
the C°— topology to a continuous geodesic for the metric /i s which passes 
through the point a. 
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The topology on M. g -ft is the weakest topology on M g .-ft for which the projec- 

$ 

tion M- g -ft — > -Mg -ft is continuous. 

<g 

Theorem 13. (Deligne-Mumford, Wolpert) The spaces M. g -ft and M- g -ft are 
compact metric spaces. 

Proposition 7. (See Proposition J5^ Let S„ = (S n , j n , B n ,9Jl n ,'D n ) be a se- 
quence of smooth bordered stable Riemann Surfaces converging to S = (S, j, B, 9Jt, T>) . 
Given a sequence of pairs of points inside S n \ 



6.2 Holomorphic buildings 



Following the notation from |4.1| for simplicity let's assume W has only one 
end that is the negative end E_ = W.~ x V. Let L W be an embedded 
Lagrangian submanifold with respect to the symplectic form u/. Let's define 
the compactification W of W. Let g : W.~ —> (—1,0] be a monotone and (non- 
strictly) convex function which coincides with i i — ^ e* — 1 for t G (-co, —1] and 
which is the identity map near 0. Define a map G : W — > W by 



G(w) 



Ug(t),Q), w = (t,Q)eE_ 
\w weW\E_. 



We define W =: G(W) C W. 

Let S = (S, j, B, dJl, T>) be a bordered nodal Riemann surface, and 9Jt = MU 
Z. The marked points in M are called regular marked points, and the marked 
points in Z are called punctures consisting of boundary punctures Z^dy = ZP\B 
and interior punctures Zi nt = Z n B. We also denote the positive (negative) 
punctures by Z + (Z~). 

A holomorphic building of height 1 is defined to be a proper holomorphic 
map w : (S\Z, j, B, 9Jt, V) — > (W, J, L) of finite energy which sends every special 
pair in T> to one point, and sends B to L. w is called stable if it satisfies: if 
w restricted to a component Si of S is constant, then Si equipped with all the 
marked points and punctures is stable. 

A holomorphic building w of height 1 1 1 consists of the following data: 



• a holomorphic building of height 1 in W 
w 



• S° = (S°\Z J ,B ,m°,V ) -> (W,J,L°) 



• a holomorphic building of height 1 in the cylindrical manifold M x V: 

w 1 : S 1 = (5 ,1 \Z 1 ,j 1 ,B 1 ,aJl 1 ,I5 1 ) ->(ix V, J-o^L 1 ), 

• a compatible ordering of M° U M 1 , 

• we can put S° and S 1 together and pair points from Z°~ with points from 
Z 1+ to get a bordered nodal Riemann surface S = (5° U S 1 ,j°Uj 1 ,B° U 
B 1 , M° U M 1 U Z°+ U Z 1 - , 2?° U V 1 U Z°- U Z 1+ ) , 
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• there exists a decoration r on S corresponding to Z° U Z 1+ such that 
w° and the horizontal component Sow 1 of w 1 fit into a continuos map 
«> : S z °~ uzl+ > r -> W. 

A holomorphic building ui of height 1 1 1 is called stable if both w° and are 
stable. We say w 1 is stable if not all components of S are trivial cylinders and 
for those components where w 1 is constant map, we require those components 
equipped with marked points and punctures are stable. 
We say a sequence of holomorphic buildings 

w k :S k = {S k \Z k ,j k ,B k ,Wl k ,D k ) -> {W,J,L k ) 

of height 1 converge to a holomorphic building w = (w , w 1 ) of height 1|1. where 

w° : S° = (S \Z ,j ,B ,Wl°,D ) -> (W, J,i°) 

w 1 : S 1 = (S ,1 \^ 1 ,j 1 ,B 1 ,<m 1 ,D 1 ) -»(Hx V, J-oo,^ 1 ), 

if the following holds, there exists a sequence M(£) of extra sets of marked points 
for the curves w k and a set M of extra marked points for the building w which 
have the same cardinality as Mt k )> such that M(u\ stabilizes the underlying 
Riemann surface S k , M stabilizes S = S° U S 1 , and the following conditions are 
satisfied. Denote by S k and S = S° U S 1 the stabilized bordered nodal Riemann 
surfaces, and we blow up S at Z°~ U Z 1+ U T>° WD 1 , glue using some decoration 
r, and get the surface S z uZ uV uV ' r with a conformal structure j which is 
degenerate along the union T of special circles and special half circles. Suppose 
there exists a sequence of diffeomorphisms (p k : S z uZ +uT> uV ,r — > S^ k:Tk 
which satisfies the conditions CRS1-CRS3 as in |6.1| in addition, the following 
conditions for sufficient large k. 

• CHCE1: Images w k o^p k \s^ are contained in the asymptotically cylindrical 
end E- of the manifold W. 

• CHCE2: There exist constants c k , such that w k o ip k \gi converges to w 1 
uniformly on compact sets, where w k = (a k , Q k ) and w k — (a k + c k , & k ) . 

• CHCE3: L k converges in the compact Hausdorff topology to L° ; and 
when restricted to E_ the translation of L k by c k converges to L 1 in the 
compact Hausdorff topology. 

• CHCE4: The sequence G o w k o ip k : S^^z'+u^uB 1 ,r _^ converges 
uniformly to w. 
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